
Lecture 19

Fourier - based learning algorithms

• Fourier Concentration via Noise sensitivity

• Learning heavy Fourier ceoeffs /with queries)



Recall Fourier Transform :

✗
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Learningviafouriertepresentation

will look at learning algorithms that

are based on estimating Fourier

representation of fctn f-

(similar to polynomial interpolation)

Approximating one Fourier coefficient :O

temnora for any SEED
,
Can approx

5Fcs) to within additive 8 queries
needed!lie

. / output - $1s) / c- 8)

with prob 21-8 in Oltalogtg)

samples .

(Proved last time



The low degree algorithm

definition of fetus for which low degree

Fourier coeffs pretty much suffice to describe fctn:

def f :{ 1=13"→R has ✗ Ign) - Fourier concentration

if E $1s)'s E f 0<24
SEEN]
it .

1st >HE,n) Y
for Boolean f, this implies

E Icsi >_ 1- E
SEEN]
St.

1st ENE,n)



Tim it C has Fourier concentration D= ✗ Gn)

then there is a q=
01¥ log f-d) sample

uniform distribution learning algorithm for C

ie
. algorithm gets of samples t with prob > 1-8

outputs h '
sit

.
Pr[ fth' ] ← 2. E



Applications

1) Bounded depth decision trees

2) Const depth ckts

3) half spaces ( linear threshold fctns)



key idea :
Noise Sensitivity c-

use
to bound

Fourier
concentration

def
.

"

Noise operator
"

0<242

Nqlx) = randomly flip each bit ofx

with prob E

det
" Noise sensitivity"

Nsg (f) =Prµg±,gn[ f-1×1-+041×1]
notice

Examptes

1. f- 1×1=11
, nsgcf)=E

2
,
f-1×1=4×2 . . . Xk ns

,
(f)=Pr[fW=F&flN{ 1×17=-13

+ Pr[ f-1×1=-1 + f- lN{lxD=F]

by symmetry → =

2. Pr [ftp.T &f(N{ 1×11--1=1
if { << ¥4k ¥+1#
if E>> 4K

, IC - e-kyyzk,
=

JK ( 1- G-E)
")



(End review)

6. Any f

Ith f :{1=15+{1--1}

Nse (f) = 1-2-1-2 § 11.2£" £1s)'

for parity fans : £ - tall- 241st

PI
.

homework?



Noise Sensitivity vs. Fourier Concentration

Thin ff :{ 1=13%{1--1} one Ya

2- § (s)
'
< 2.32 ns

,
(f)

15121g

PI 2. nsjlf =/ - § (1-28)
's ' £1s)2 previous thm

Boolean
= E§lsf - § (1-28)

"
FIST Parseval

s

= § [1-(1-28)
' "

] Its)2

Z E [ 1- G-2h48 ] Its)2
Sst

.

1st>_Yj

> 2 ( 1- e-2) Its)2
151>-1/8

so E FIST < ( Ee-a) . nsglfl
151240
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Cord for halfspace h :{ 1=13%{1--1}

E Ils) EE
1st > Ol'za)

(pf omitted - some calculations t bound on Ns )

⇒ can learn any half
space

from n°"""

random examples

( actually can do a lot better)

t -

t
-

+Cord any function of K half
spaces

-

+

can be learned with no "
"

samples e.g. parity
ofkvars

,Pfidea noise sensitivity 2- 8.8kt by union bound
.

Aofyaspnes



Learning Heavy Fourier Coeffs [Goldreich Levin]

[Kvshilentz Mansour]

✗ > f- > flx)
not just low
degrees
t

all close
Given f

,
O

y
linear
fctns

• Output all coeffsss.t.IT/s)/⇒ -0

•

Only output S it
. LINKE ← no junk

Probably can't do it with only random examples

what if can query
f at any input?



Mainldea: " exhaustive search with good pruning
"

Vas

X
,

g •

leaves
n Fourier coeffs {1,23

. • • •

q{23 • •

✗
3 right⇒ Xi -4s

431] •%,
gyp
} left ⇒ y.es

ONLY OUTPUT THOSE THAT REACH BOTTOM LEVEL

recursive algorithm:
• each node- setting of Xi -Xi
• estimate

" total
energy

" of subtrees Xi "XiKi+i-+D
& Xi "Xi4Xi+, =-D

•

only go
down paths with high enough

energy
How to

prune ?

Define quantity :
K Fix OEKEH Current "

level " of search
°

; &
I • { ✗ is S

,
c- [K] current

"
node

"

of search
a ↳ {4,3

& I 14,153
{41×3,114}



all Fourier
coeffs

figs
,

: { 1=13
"- "

→R

y
www. agree

on
first "

2k elements
such

fins { st, figs
,

1×1=2 $1s ,VI)X -1,1×1(for each
g) IEEKH.in}

tin

all extensions could be

of S
,
to indices silk

in {KH . . .n3 but no need

since XsµÉki%
Ime for
all

notation :
index I → prefix

2-3 suffix

where are soft, ?

in analysis
SanityChe

1) 1<=0

to
, ,
1×1=2 Its)Xzlx)= flx)

TaE[n] 4
T since S

, =p
since 1<=0

2) K-nfn.s.hn = $1s ,)
← since 1-2=4Csun over -12=0



Plain Only go
down paths with ELFYN] >_ 0-2

K
,
S

1. can we compute it ?

2. does it bring us to right leaves ?

- do we get to all heavy
leaves ?

- do we get junk ? ( light leaves)
3. how many paths do we take ?

lots of dead ends ?

is runtime good ?



Not too
many paths ! (answer to 3)

↳ma_
"
not too

many
"

data"J stage in algorithm

f- :{ 1=13^-77-13

(1) Elza S 's satisfy IF G) leg

(2) V OEK Eh
,
± ¥2 fans figs ,

have E✗[ figs ,] 20-2

PI

d) Parserats 1=4,47×1]=§f^Ñ
so if > ¥2 S's satisfy 1%1>-0

then § FIST > 1=02.0-2 > I
→←



(2) For given K
:

claim : F K
,
S

,
Ek

E-
✗
[ figs , 1×7] = E

Ils
, VIT

JE {KH, " ;n}

Pfofclaim:

E×[ ftp.lxtt-EI/EIls,v-alXglxD] def
.

✗
Try

=E×[ §
,

(

sina.IGNITX-i.HN/gilxDEEKH...n3--Efls.vTdIls,vTi)EEx
,-1×111%1×9
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,
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' L
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'

= § Its , -

-

o o ,
w,

B



Using claim :

←
Bodpeoamrseval's ←

expanding
f- § FIST

-

- E E Ils,vÑ
5,5K T2E{KH.vn)

= 2 E×[ f.gs?lxI] claim

S
,

so e-¥ S
,
's can have E×[ fight]> -02

•


