
Lecture 6 :

Property Testing :

is the graph planar ?



Property
examples of piana.

All graphs
bipartite

÷:÷÷÷

Can we distinguish graphs with property P

from fare from P?
oismax

E.g . G is E-farfrmp1ana€ degree

if must remove ZE.
edges to make it planar



Today's goal :

test planarity in time independent of n
( but exponential in E)

for graphs with max degree o

what is a planar graph ?
Can be drawn on plane sit. edges don't intersect

• Eq
K •-•-& Yes I
→ II. I:*. .

so @

ka. :*i: x. ÷:*: FEI E Yes !

is,÷¥÷± is. .io#:iE.. No
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Thin (Kuratowski)

G is planar iff Gis kzptks. minor free



Testing Planarity :
-

Can't hope to distinguish
o-a-a-o-o-o-o-o-ofromo-a-o-an.IE#IE.-o-o-o
in sub linear time !

def G is
E -close to planar iff

can remove E E. on edges to make it

planar{ 15,5¥- free ← equivalent
else Gis E - far

Good '

. Given G
• if G planar , PASS

. if G E- far from planar , FAIL



Plan for tesler : use nice property of Planar graphs
# .

Can always remove s.mu#action of edges
EE

t break up graph into tiny connected components
in

const size

Odepenbdufnfi.no
: i÷÷÷÷÷÷÷:i÷÷÷

def
.

G is
"

Ce,k) - hyper finite
" if

can remove EE - n edges t

remain with connected components
of size Ek nodes



def
.

G is
"

le
,
K) - hyper finite

" if

can remove E En edges

trim' renginewithconnemp.net
Example : mxm grid graph

¥1#H#te#L
Xi

break into lxl squares :

, ya
, doesdepnotd

Size of component It on

n

# of components I felt fruohmEGLE) of edges

# edges crooks"8 !!pYu¥x4l )
total # edges crossing borders 2/4911%17
l -- "

z
= 4mI=em①



def
.

G is
"

Ce,k) - hyper finite
" if

grid graph ! can remove een edges r

remain with connected components of

not justs.ee#UsefulThmV-0cE4
, every planar graph G

of deg Eo is CEO , ¥) - hyper finite

1

not subgraphs of planar graphs
are also planar, so abe hyperfine
but only remove # edges in

proportion to # nodes in subgraph
⇒ can re curse t break

up further



Why does hyper finiteness help in testing ?

Plan for testing paradigm : g

1) Partition graph G into G
'

:*. - *

- only const size Conn . comp . remain EE
.

He ¥.

so:L?
- removed few edges ⇐ e.on)

he:{
do this

, !Ys:#planar !
if can't a:*

IKE

remove

If the2) If G
'

is close to having property, G
'

fee blue

so is G edges

is:{ in:÷÷÷y÷:÷÷. ¥0

④

Easy to test since

collection of const

sized graphs ! !



G

1) Partition graph G into G
'

- Only const size corn . comp . remain÷÷÷¥÷:÷ :*
.:*. :*:÷. ..

remove

2) If G
'

is close to having property, HII blue
so is G edges

- so test G
'

by picking random
'
Ii:{ go:p:nent¥;:;÷; they

IN
LIT

Easy to test since

collection of const

sized graphs ! !
-

How to determine G
'

?

- need " local
"

(sub linear) way to figure out

if edge is
" blue

" ( between components)
or

"

green
" ( within components)

-

will do even better !

give oracle that tells
you

for
'

each node the "

name
" of its component



G"""" '"
in:p:p: ': : :D::O. isparta.mn.
st

.

EVEN NIP lek ( small)

(2) PhD is connected

component
then with prob 2940

-

+ if G play; pea .net/PluH-PlvBKETinltIgwg:igg
Algorithm given Partition Oracle :

I
.
Does partition oracle give partition that

" looks right
"

?

•
let Fe estimate of # edges Cup) set , Ruff PG)

to additive error e Egan ( with prob of
failures 410)

. if I > 3-ge.vn , output FAIL t halt

It
.

Test random partitions
- Choose 5=0 ( Ye) random nodes

if for any
SES

'

,
PCs] not planar
-

reject that const size so easy

TI
. Accept anything that passed upto this point



Runtime ( given oracle) :

Parti : Often) calls to oracle

Parti : o( I. ok)
" " "

= OLE.)
ya
w

is't falls to oracle
for BFS

knotted



Algorithm given Partition Oracle :

I
.
Does partition oracle give partition that

" looks right
"

?
e. g. few crossing

edges
• I ← estimate of # edges lay) St . PlattPCD

to additive error E Edf (with prob of failure Eto)
• if I 7 Ige on , output

"

FAIL
"

a halt

←
these choose

random

It
.

Test random partitions
partitions

" Choose I
-

- Olk) random nodes

- it for any SE I
,
PLDZK or PCs) not planar
-

reject that constant size
K-- Octa)

T1
. Accept anything that passed upto this point so easy to

test
#

Behavior (assuming P always
" correct) :

• if G is planar :
1) EEE ) E Eoff

sampling bounds ( Chernoff llteoeffdry)⇒ ft EE¥htEIf=3z gon
⇒ algorithm should pass stage I ( with prob

2) t sell PCs) is planar
lo)

⇒ algorithm never
fails stage I

⇒ pass



Algorithm given Partition Oracle :

I
.
Does partition oracle give partition that

" looks right
"

?
e. g. few crossing

edgesof ← estimate of # edges lay) St . PlattPCD
to additive error E Ign (with prob of failure Eto)

• if I > Ige on , output
"

FAIL
"

a halt

←
these choose

random

It
.

Test random partitions
partitions

" Choose is
'
-

- Olk) random nodes

- it for any SE I
,
PLDZK or PCs) not planar
-

reject that constant size
K-- Octa)

T1
. Accept anything that passed upto this point so easy to

test
#

Behavior (assuming P always
" correct) :

. if G is E - far from planar : let C- flu,heEIPhHRvB

case he 14 > son
- 2

sampling buds ⇒
I ? EIL - Etf = Zg Eon

⇒ output
"

fail
"

with prob e- %

cased 14h Eton
2

G
'

← G with edges
in C remom

since G is E - far from planar t
G ' is Ea-close to G



then G' must bye be Ez -far fromplanar
must remove Z Edf edges to make planar

which touch Z Eng nodes

so with prob z Ez pick a

node in component that needs

to be modified-
not planar !

algorithm will detect that

component not planar !
DM

But how do we implement

P ?



Plan for designing Partition Oracle
-

:

1) Define Global partitioning
strategy ( not sub linear time)

2) Figure out how to implement

it locally
( only find partition of a

given node
,
not whole solution)



Useful Concept : "

Isolated
"

neighborhoods

d¥Gis"Gk)-hyperfinik'Can remove E En edges r

remain with connected components ofgµa€
defy S iss ( 8

,
k) - isolated nbrhd of node v

if i) Ves

2) S connected

3) 1st Ek
4) # edges connecting Sts is e 8. 1st

Note : In hyper finale graphs , most nodes have 18,14- isolated nbrhds


