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Probabilistically Checkable Proofs

hp ← Theorem you
want to prove

for today: X is 3. CNF

O randomstring@ Them × is
satisfiable

§ Profit
§.is?icxemdgfItj . what is ith bit?

verifier ↳ g!!'eddoes ' If based on past questions( poly time TM)
-

) of verifier

using r random bits

& q queries
to proof created by adversary who knows

verifiers algorithm
& has unlimited computational

det LEPCP ( r,q )
if I r Cp time Tm ) s! power

1) AXEL F IT SH Pr [ KIT accepts] -4
v 's random string

2) Axel L HIT
'

Pr [ V
,
IT '

accepts ] E 44
v's random strings



e.g .
SAF E Pcp ( o

,
n) ← proof settings of all n vars

V doesnt need any randomness

they : Nps pep ( ohh
,
OH) ←

crazy?I

Actually : Np E Pcp ( Ollogn) , OUD

Lets start with a

"

warmup
"

:



X. y
= { Hiya.

"

inner product
"

Xoy = ( x , y . , x. ya, Kiya ,
. .
.

, Xiyj ,
. .
.

, Xnyn)
"

outer
.

µ- product
"

n -bit rectors habit vector

Fact : if I #5 then Pr[ air # IF ] at
Investor Fgfqign

2

} af! IIe moda"

if A. Btc then Prp [ A.B. Ft di ] 242-
- w

nxn matrices A. (Bir) take Obi) to compute

Proof of fact
- if aitbi for some i , pain n-bit strings that agree

on all but ith loan

so I --Cri - - ri . . - rn) then either If # 5 -F why? if IF Eb .ir

paikdufthcri.fi . . ..rs or oistbs then airs = IF I aicz different

Impairs) b- "J = IF I bi soa.es#f.s
note this proof works

"

moda
"



Fact : if I #5 then Pr[ air # IF ] ztz
Efforts

"

if A.Btc then Prp [ A'B.Ft Ei ] 242
.

Example
"

application
"

: setting :

given rectora-la.az . .
- an)

in one step : • can query ai

-

:

⇐

•

can specify go query tryto test if a- = 10,0 , .in ,o) -
Do several times : what if these answers

were written for

pick TE§QB
"

you ?
if a .f¥o output

"

Fail
"

why should
you

believe

Output PASS they are
correct?

behavior : if a- = lo
,
. . - o) will always PASS

it a- # Lo
,
.no) then FACT ⇒ Prf [ a- it -toJeY2

⇒ Old query
o -testing algorithm for n

- bit- vector

in strange model



setting :

given rectora-la.az . . .am

in one step : can query ai

Making the model
"

less strange
" :⇐::canspeoi€ygeyy

answer vectorfirst: pintle : write out all answers to Ig Ea!!!!÷!! f;)
to test if II lo ,o , " " ,o)

:

'

a' 199 """

Do several times :

pick T Ergo ,B
"

ask proof for value of IT

if a .F¥o output
"

Fail
"

Problem : proof can
cheat r

write all O's

in
answer

vector
Output PASS

How can we check proof doesn't cheat?

test proof? on T's we know answer to ? is this easier

than just looking at

WILL COME BACK TO THIS every entry
AT



3.SAT :

F- = AC
;

St
. Ci -

- ( Yi
,
VYizVYi$)

← jere * notntrm

where Yi ; E {
X

,
.
. - Xu

,
XT . .

. . In} for complement
I

First crack :

IT -- setting of sat assignment a

9
,

-

-

T 92 = F 93
-

-

T
.

. . .

T

V 's protocol given formula ta !

Pick random clause Ci t check if a safeties

F- Cxivxavxzllxavxzvxy)
good ? if a satisfies 2

, always passes xp.
54×44")

if a doesnt satisfy z, at least one clause not

satisfied
⇒ pr[ pick unsatisfied dwseJz¥daus

p

r



Arithmetical on of 3 SAT :

Boolean formula F ⑦ arithmetic formula Alf) over Zz
T I w

mod 2

F-⇒ O

Xi⇐ Xi

In. I -Xi

dip d. p

LVG I - Li - a) Li - p)

xvpivr I - Li - a) Ii - pill - r)

I as

example : XµVIzVXz ⇒ I - ( I - 4) ( Xa) ( l -Xz)

Keyport F satisfied by assignment a iff LAH)) (a) =L



1- ⇐ I
F- Ace.

St
. Ci -

- Cgi
,
vyizvyi) f-⇐ o

Xi⇐ Xi
where yij E E Xi -

" Xn
,
XT - -

" In} In. I -Xi

Fieri.IT#EEiEi::i::m...L
Sf

.
I. Cx) = complement of arithmetical-ion of Clouse Ci

⇒ evaluates to 0 if X satisfies fi

⇒ Ctx) = (o , . . . o) if x satifies F

Observe it each Ii is deg E3 poly in X
.

(2) V knows coeffs of each £.

Need to convince V that ( (a) = ( Eilat , Inlay . . .
)= (O

,
. - - - O) WITHOUT SENDING

assignment a



High level idea : special encoding of assignment

Encode satisfiability of F as a collection of polys in vars of assignment
⇐ one for each clause

-

eval to 0 if assignment satisfies clause

- low degree
- V knows coeffs - depend on structure of clause

& vars
of clause

.

←
note thatsolving

Note : we are only concerned that V is poly time
,

stttwwindpfbithmpress.ve
here will not be sublunar

However
,

want # queries to proof to be constant



F- Acn.

St
.
Ci -

- Cgi
,
vyizvyi) T ⇐ I

F-⇐ OIdeafor_pro : where Yi ; E { Xi
. - xn

,
I - -

"Es Xi⇐ Xi

Ii I -Xi

÷:÷÷÷::÷: ::c:i:÷:÷¥"÷÷÷÷÷i::i
if Fist

.

alto
,
Pr [Cla) or -- o)

-

- Iz⇒
mod 2 arithmetic

H

Prffcalir -- I]

why believe proof? can write all o's even if E.Cal . rto

⇒ will need to do more

V doesn't know

What does Eldar look like?#\
c

cu v v u

§ riffa) = T t § aid ; t §, aiaj Bij
t §jµaiajak8ijx (mod 2)
a-

depend on his tcoefts in
V does know : n

Ci



F-- AC
;

St
.
Ci -

- Cgi
,
vyizvyi) T ⇐ I

example f-⇐ o

- where Yi ; E {
X

,
-
" Xn

,
I - -

" In} Xi⇐ Xi

In. I -Xi

G- ix. nannini a¥i÷¥¥"÷¥÷÷¥i÷i::
ACC

,
) -- I - Li -x

,
) ( t - xD# txz-4×2

⇒ c.
,

= , - a ,
-

ay ,qq.q.zpggg.eu/,qr..qgay=p+qq.q.+qg.aigrefeuille
Alcs) -- I- (a) ( i -xp txitxixa

gut case unsatase

⇒ Cycas -- a , - a ,a, r
,
r
, zq.c.ca)

at a-=

2 O O O O O

{ ri . G. (a) = r, ( t - a
,
- asthma) + ra (9-992) o l a

,
-

age, o O

j -- I

=÷÷
." at a.io/' ' Ii '

Ii:

dega
l l l - 92 hi to

degl -

- o =L



High level idea : special encoding of assignment

• proof writes out all linear fetus of assignment
dega
deg 3

• possible
"

confusion " :
"

symmetric
" for linear case

fxla ) = X.a = Aalxl
A

inner

product

• for deg 33 : Daly) -- Goat . y
(acyl :( aoaoa)-1.2

Aa ,Ba ,
' Ca are all linear fetus ⇒ can test linearity t self -correct

what if Au
,
Ba

,
Ca come from different assignments

Proof can cheat ! : is '

a satisfying?



linear feta : Vxiy flxltfly) -- flxty)

self - correcting :

if f is tg - close to linear
of

-

Do Ollogtp) times

Picky randomly }¥YPrf.output,:{xDanswer
;
← fly) tflx -y)

Output most common answer
;

self - testing: Given f
Do OLE) times :

"⇒

i'
'
'I'
'

fitting.in#a...e..3i:sI.::::ss
.

then
,
fails


