
Lecture 21

• Self - correcting for linear fetus

• testing linearity



Linear Functions :
Today :

f : G → H GH finite groups
with operations to ,t*
- every group

closure, associative , identity , inverse
is

f is

"

linear " ( homomorphism) if commutative ! !

✓ Yy
EG flxltflyl -- flxtgy)

Examples of finite
groups

: G = Zm with operation
"

t modm
"

✓
{ 0,1 , .

.
.

m
-B

G = Zmk with coordinatewise
"

t modm
"

T
(x ,mX×) at . XitZm

Examples of homomorphisms :

f-Hex fact)
-

- Ean.ximod2
= Hi

"×n)µ÷;)flxto G -

- Z
,

"

H -- 22

flxtaxmodq for G- Zg



def f is

"

linear " ( homomorphism) if fx,yEG flat" fly) -- flxtgy)
-

dei f is
"

E - linear
" if t linear fan

g
set

.

←
"

E - close to linear
"

f- tg agree
on Z l- E fraction of inputs ,

-

Pr×eg[fhN=glxDzl - e
else

,
f is

"

E - far
"

from linear



yong,
X that works

A useful observation :

I #

tf a,yeG Pr×[ y
-

- atx ) = - a y
161

since only x
-

- a - y satisfies equation

⇒ it pick XERG

then atx is unit dist in G ( atx Er G )

example :

If G =

z
" with Operation Caiman) tlbimbnl

= ( a ,①b , , as ④ ba , . . .

,
an⑦ bn)

then
( olio) t ( b , bzbzby)

= ( 01-04
,
Hobs

, Hubs , O ⑤ by)

is distributed uniformly it bi's are

why? • each word uniform

• bis i.deep ⇒ aitobi's indep



Self-contained : also known as
"

random self - reducibility
"

←
aotgiveng ,

Given f sat
,

I linear g St
. Pr×Cfhd=g 27/8 just f ! ! !

a

.÷r::÷:÷i"'
"

¥i÷:÷÷÷÷÷÷:÷Pick ytpb
←answer

,
← ftyltflx- y)(

gyp, mo, ammo, ya , ,e for answer,
y ,
,y are un, , g.main

claim : Prloutput =gCxDzI - p

{so
each answer;

-

- glx)
with prob

?%,

¥
'

Prl fly) Egly)) E Yg ⇒ most common
answer

valve
-
- gud

prlflx-yltglx.gl] c-
'
18 with prob

"- f

.

'

. Pr [ flyltfhy) t fly) tffx-y.DE 44
,

Chernoff)
-
-

answer; glad since g linear



Linearity Testing-

Good : Givenf

• if f linear
, pass

• if f E- far from linear
,
fad with prob 7213

in

need to change value of f- on Z E fraction of domain

equivalently, kg
linear Pr×ey[ flxltghd) > E

Propost
do ? times :

pick X.yea
G

if flxltflyltflxty) output
' '

FAK
"

that

Output pass



Behavior of Test
-

f linear ⇒ always passes
/

if f- E- far from linear ?

to show ( contrapositive) :

if f likely to pass then f is E - linear

(equivalent : f e- far from linear ⇒ f likely to fail )



Plane

• it f E- close to linear then fth
g you get from

self - correcting f :

gun
.

- majority [ fhtd)
y's vote for

value

of glx)will be

In linear

(2) close to f

• it f not close to linear
,
then no guarantees on glxl

but it test fails rarely , then you
do get guarantees

e. g . • most x satisfy this majority ( flxtyl - FGD
→

• if x satisfies does xty ?



E

in

Thin Suppose 8=Pr×,g[ftxltflgttftxtyl)
- ¥6 Then f is 28 - close to linear

⇐o

# times
we

need to repeat tin test is elf) so a > 16
H

ret)

Prot let
g
be the self - correction of f :

def gcxl = plurayhty [ flxtyl - fly)) ←
break ties arbitrarily

we
will show : no ties

y
's role for

fun

ith

det X is p - good if Pry [ guy : flxty)
- fly)) > tp
-

* how many
votes did glx) disagree with?

suppose I- p > Ya , glxl defined via mcajeoarfy
12 -good x : clear winner -



or Pray Lftxltflgttftxtyl)
-¥

First :
g
of usually agree def gun = plurayhty [ flxtyl - fly))

claims : for paya detx.is#giodifPrfxty-fyDp -

p

Pr
,

[ x is p
-good tglx)

-

- fled] > I- Ip
⇒ fraction of x for which fry agree b

z l - zor
> 7g

since 8%6

P' Ya

Pf of Claim 's
- ally's

let
. Prgcflxltftxty' - f 'D) way, Fito .fi?tb''""s'

it ↳ < path then X is

p
- good tglxtflx)
-

Exldx] -- Yg , ' ×§gPry[flxltflxty) - fly)) Fraction of ± in matrix -- 8

=

Pry,yefflx) tflxty)
-fly)) 8 E- [ fraction of t in row) = 8

← Markovsf Fraction of rows with > c. 8

So Pr [ d, > p) ETH is at most I Markos.fr#--fft8Ban



Second : show
g

" is a homomorphism
" 8=Pr×,g[Hxltflyltftxtyl)

- ¥6
(at least

,
where it is defined) def

gcxi-plurayhtyfflxtyl-fly.DE#pcyy..ffX,yboIhf
- good then

det × is piigood if pry [ guy : flxty)
- fly)) > I- p

iii.six:* :c:*: t÷÷÷÷÷÷:i÷:::÷
Pf of claim 2
- is > I- 28 > Yg
let hlxty ) : glxltglg)

be;f*(Prat glytflytz) - ft)) ap since y is p good

Pre ( glxltflxtlytz)) - Hytz) ) - f since xp good
ytzvwifdist union

band
so przfhlxty-glxlty.ly) afeard events-

= ftp.fTTtfxttytzfy/tz)--flxtytzI-flzl ) > I-2¥
> 42 since peke

⇒ glxiy)
-

- hlxty) by deaf of g t since flxtytz) -fly -- hlxty) for > Yz z's

=

glxltylxgy by def oth B



Third : show that g is actually defined for 8=Pr×,g Lftxltflgttftxtyl)
-¥

AI X
.

def gcxl = plurayhty [ flxtyl - fly))

claims 8<46
,

FX
,
X is 48 - good tglx) det x is piigood it pry [ guy : ftxty)

- fly)) > I- p

""

" " """-

I:÷÷:S: :: "÷÷"i÷
. ..

if I y
set

, y tx
-

y) both 28 -good is as I - 28 > Yg

then claim 2 ⇒ X is 48 - good claims pcyy . tf x ,y both f
- good then

← claim I

tglxltglyjtglx- y) 41 xty is 2p
- good ⇒

> I - %(2) glxtytglxltgk)
Ep - timeTo show y exists : of xs

arep-goodfprgf.grKy) both 28- good ] > I - 2. off # 0 since Pr - o
w
both uniform Fy set

. xgt X
-

y
both 20 - good

Ba



JI Pr×,g[ftxltflyttftxtyl)
-¥

claim 3 ⇒ def guy = plurayhty [ flxtyl - fly))
Fx

, glxl is
defined via majority

⇒ for p -98 , X
is p - good

det X is f-
"

gohod it pry [ guy : flxty)
- fly)) > I- p

aim . ⇒ sis

. .;i:÷*⇒, I:÷÷:S: :: ":i:" :÷ ..
claim I ⇒ fry agree on z I-28 is > I - 28 > Yg

fraction of domain G claims pcyy . tf X ,y both f
- good then

so f is 28 - close to it xty is 2p
- good FEET 't

homomorphism]q (2) glxtytglxltglx)
Tt- %
⇒ ftp.ya-z

,

$ihT of xs
are p -good

claims 8%6
,

FX
,
X is ¥,f

-

good tglxl
is defined via majority element↳eabe



Improvements : only need 8-219

⇒ 0142) tests give const prob of failure

instead of 0116)

big deal ? Can lead to improvements in

exponents of hardness of approximation
results

.

← Iq is
a

" threshold
"

over GHz)
,

can get better or

in general 21g is tight
'

. ( coppersmiths example)

HH :/ ! if '

on:# ftp.#.....3dosestgiIi:rottn
:

- I if x=2 mod 's Pr[fW=gHD=tz
in

integers over -

K

← fixity?7 ' E- far
f fails when

XII}
'zmmooda} } Prob

--219

gpassgignprob
else passes


