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Abstract— We describehow a virtual node abstraction layer
can be used to coordinate the motion of real mobile nodes
in a region of 2-space.In particular , we consider how nodes
in a mobile ad hoc network can arrange themselves along a
predeterminedcurve in the plane, and can maintain themselves
in such a con�guration in the presenceof changes in the
underlying mobile ad hocnetwork, speci�cally, whennodesmay
join or leave the systemor may fail. Our strategy is to allow the
mobile nodesto implement a virtual layer consistingof mobile
client nodes,stationary Virtual Nodes(VNs) for predetermined
zones in the plane, and local broadcast communication. The
VNs coordinate amongthemselvesto distrib ute the client nodes
betweenzonesbasedon the length of the curve thr ough those
zones,while eachVN dir ectsits zone's local client nodesto move
themselves to equally spacedlocations on the local portion of
the target curve.

Index Terms— Motion coordination, virtual nodes, hybrid
systems,hybrid I/O automata.

I . INTRODUCTION

Motion coordination is the generalproblem of achiev-
ing some global spatial pattern of movement in a set of
autonomousagents.An important motivation for studying
distributedmotion coordination,that is, coordinationamong
agentswith only local communicationability and therefore
limited knowledge about the state of the entire system,
stemsfrom the developmentsin the �eld of mobile sensor
networks. Previous work in this areaincludesdifferent co-
ordinationgoals,for example:�ocking [9], rendezvous [1],
[10], [13], deployment [2], patternformation [15], and ag-
gregation [7]. Owing to the intrinsic decentralizednature
of sensornetwork applicationslike surveillance,searchand
rescue,monitoring, and exploration, centralizedor leader
basedapproachesareruledout. However, the lack of central
control makes the programmingtaskquite dif�cult.

In prior work [3], [5], [6], [4], we have developeda notion
of “virtual nodes” for mobile ad hoc networks. A virtual
nodeis an abstract,relatively well-behaved active nodethat
is implementedusing lesswell-behaved real nodes.Virtual
nodes can be used to solve problems such as providing
atomic memory [5], geographicrouting [3], and point-to-
point routing [4].

In this paper, we explore a framework for using virtual
nodesto solve motion coordinationproblems.We consider
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DARPA/AFOSRMURI contractnumberF49620-02-1-0325,NSF ITR con-
tract numberCCR-0121277,and DARPA-NEST contractnumberF33615-
01-C-1896.

virtual nodesassociatedwith predetermined,well-distributed
locationsin theplane,communicatingamongthemselvesand
with mobile “client nodes”using local broadcast.Roughly
speaking,eachvirtual nodeis designatedacertainzonein the
plane—disjointfrom the zonesof the othervirtual nodes—
and is emulatedby all the mobile nodesthat are present
in its zone.The VN abstractionmakesprogrammingeasier
by providing a centralizedcontrollerwith reliablestorage(a
virtual node)for eachdisjoint zonein the plane.

In this paper we describea framework for using vir-
tual nodes to solve a simple motion coordination prob-
lem, namely, uniformly positioning the mobile nodes on
a known differentiablecurve. The framework can be used
to implement distributed algorithms for more complicated
motion coordination problems as well. Using the virtual
nodeabstractionfor solving a coordinationproblemreduces
to achieving coordinationamongstationarycentralizedcon-
trollers with a priori known locations.Further, writing the
coordination algorithm for the virtual nodes amounts to
“plugging in” control functionsin thevirtual nodeprograms.

In addition to describingthe framework for using virtual
nodesto solvecoordinationproblems,wealsobrie�y describe
oneway of implementingvirtual nodesusingtherealmobile
nodes.We usethe Hybrid I/O Automata(HIOA) mathemat-
ical framework [12] for describingthe componentsin our
systems.

Thepaperis organizedasfollows: SectionII describesthe
underlyingmobile network. SectionIII describesour virtual
node layer. Section IV de�nes the motion coordination
problemwe consider. SectionV describesan algorithm for
solving this motion coordinationproblem using the virtual
nodelayer. SectionVI givestheproofsof correctnessof the
algorithm. Section VII presentssimulation results for our
algorithm.SectionVIII outlinesone way to implementthe
virtual nodelayer, andSectionIX concludes.

I I . THE PHYSICAL LAYER

Our physical model of the system consistsof a �nite
but unknown numberof communicatingphysical nodesin
a boundedsquareB in R2. We assumethat eachnodehasa
uniqueidenti�er from a set I . Formally, our physicallayer
model consistsof three typesof HIOA (seeFigure 1): (1)
automataPN i to model physicalnodeswith identi�ers i 2
I , (2) a LBcast automatonthat modelsthe local broadcast
communicationservicebetweenthephysicalnodes,and(3) a



“real world” automatonRW to modelthephysicallocations
of all the nodesandthe real time.
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Fig. 1. The PhysicalLayer: PN automatacommunicatewith eachother
through an LB cast service and receive time and location information
continuouslyfrom RW .

Figure2 shows the requiredcomponentsof eachautoma-
ton PN i ; it may have other internal variables(initially set
to uniqueinitial values)andactions,which arenot speci�ed
here.PN i continuouslyreceivesfrom RW the currenttime
as the input variablerealtime and its position as the input
variablex i , and communicatesits velocity to RW through
the outputvariablev i . The speedof PN i is boundedby vc.
The trajectoriesof thecontinuousvariablev i andtheeffects
of the send and receive actionsare unspeci�ed. At each
point PN i is either in active or inactive mode;we assume
that, initially, �nitely many nodesareactive. The faili input
action setsthe mode to inactive and all internal variables
to their initial values,andthe recoveri input actionsetsthe
mode to active. In inactive mode,all internal and output
actionsaredisabled,no input actionexceptrecoveri affects
the internal or output variables,and during trajectories,the
locally-controlledvariablesremainconstantandthe velocity
v i remainszero. Thus, we assumethat, in inactive mode,
PN i stopsmoving. We model the departureof a nodefrom
B as a failure. For convenience,we assumethat transitions
are instantaneous.

The PN s communicateusing a local broadcastservice,
LBcast, which is a generic local broadcastserviceparam-
eterizedby a radius Rp and a maximum messagedelay
dp. The LB cast(Rp; dp) serviceguaranteesthat whenPN i

performsa send(m) i action at sometime t, the message
is deliveredwithin the interval [t; t + dp], by a receive(m) j

action,to every PN j thatremainsin active modeandwithin
Rp distanceof PN i for the entire interval [t; t + dp].

TheRW automaton(seeFigure3) ervesto modelrealtime
andlocationsof all thenodes.It readsthevelocity outputv i

from eachPN i , i 2 I , and computesthe position x i from
thevelocity v i for PN i andtheLBcast automaton.LBcast
requiresthe nodepositioninformationbecauseit guarantees
delivery only between“nearby” nodes.RW also produces

Signature: Transitions:
Input Input faili

receive(m) i Effect
faili v i  0
recoveri mode  inactive

Output Other internal variables initial
send(m) i

Input recoveri
Variables: Effect

Input mode  active
x i 2 B
r ealtime 2 R � 0

Output
v i 2 R2 ; jv i j � vc

Internal
mode 2 f active, inactiveg
Finite setof othervariables, initially set to uniqueinitial values.

Fig. 2. Hybrid I/O AutomatonPN i .

Variables:
Input

v i 2 R2 , for eachi 2 I
Output

x i 2 B, for eachi 2 I
r ealtime 2 R � 0

Internal
�x i 2 B, for eachi 2 I , initially arbitrary
clock 2 R � 0 , initially 0

Trajectories:
Invariant

�x i 2 B, for eachi 2 I
Evolve

x i = �x i , for eachi 2 I
d( �x i ) = v i , for eachi 2 I
r ealtime = clock
d(clock) = 1

Fig. 3. RW automaton.

r ealtime for all physicallayer components.

I I I . THE V IRTUAL NODE LAYER

The boundedsquareB is partitionedinto a �nite set of
zonesBh , h 2 H . For simplicity we assumeB is a m � m
squaregrid, with eachgrid squarecorrespondingto a zone
andhaving sidesof lengthb. Eachboundarypointof asquare
is unambiguouslyassignedto onezone.The index setH is
the setof coordinatesof the centersof all squares.For each
Bh , thesetN brsh containsthezoneidenti�ers of thenorth,
south,east,andwestneighboringgrid squares.

Our virtual layer abstraction(seeFigure 4) consistsof:
(1) client node automataCN i with identi�ers i 2 I , (2)
one stationaryvirtual node automatonVN h for eachh 2
H, locatedat the centeroh of the squareBh , (3) a virtual
communicationservice,VLBcast = LBcast(Rv ; dv ), for the
VN s andthe CN s, and(4) an automatonRW to model the
physicallocationsof all the CN s andthe real time.

A client node automatonCN i , i 2 I , is a portion of a
PN i automatonthat has the input variablesrealtime and
x i from theRW automatonandan outputvariablev i to the
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Fig. 4. Virtual Node Layer: VN s and CN s communicateusing the
V LB cast service.

RW automaton.With respectto failures,anautomatonCN i

behavesthe sameasPN i . CN i alsohassend andreceive
actionsfor interactingwith the V LB cast service.

A virtual node automatonVN h , h 2 H , is an MMT
automaton[11], [14] parameterizedby a time upperbound,
dM M T ; it hasno realtimeclock variable.MMT automataare
discreteI/O automatathathavea“task” structure,which is an
equivalencerelationon the setof locally-controlledactions,
suchthat from a point in anexecutionwherea taskbecomes
enabled,within at most time dM M T , some action in that
taskmustoccur. VNh canexperiencea failh input, disabling
internalandoutputactions,preventingany inputsotherthan
recoverh from resulting in state changes,and setting the
automatonto an initial state.If a recoverh occursat a failed
VN , theVN actionsbecomeenabledwith all tasksrestarted.
If VN h is failed and a CN is in Bh and remainsactive in
the zonefor dr time, thena recoverh occurswithin that dr

time. VN h communicateswith other VN s and CN s using
the VLBcast servicethroughsendh andreceiveh actions.

VLBcast is an LBcast service(asdescribedin the phys-
ical layer) for the virtual layer, parameterizedby radiusRv

and maximummessagedelay dv , whereRv � b. It allows
VN h to communicatewith eachVN g suchthatg 2 N brsh ,
andwith CN s that are locatedin Bh . It doesnot allow CN
automatato communicatewith oneanother.

The RW automatonin the virtual layer is similar to the
onein thephysicallayer, but hereit communicates(through
the realtime and x variables)only with the CN automata
and the VLBcast automaton,andnot the VN automata.

This virtual layerwill beusedin SectionV to implement
a solution to the distributed motion coordinationproblem.
Details of how this virtual layer can be implementedusing
the physical layer are in Section VIII. There we further
discussthe relationbetweenthe parametersdM M T , dr , dv ,
andRp, the physicallayer broadcastradius.

IV. THE MOTION COORDINATION PROBLEM

A differentiableparameterizedcurve � is a differentiable
mapP ! B, wherethedomainsetP of parametervaluesis
aninterval in thereal line. Thecurve � is regular if for every
p 2 P, j� 0(p)j 6= 0. For a; b 2 P, the arc lengthof a regular
curve � from a to b, is given by s(� ; a; b) =

Rb
a j� 0(p)jdp.

� is said to be parameterizedby arc length if for every
p 2 P, j� 0(p)j = 1. For a curve parameterizedby arc length,
s(� ; a; b) = b� a.

For a given point x 2 B, if thereexists p 2 P suchthat
�( p) = x, then we say that the point x is on the curve � ;
abusingthenotation,we write this asx 2 � . We saythat� is
a simplecurve provided for every x 2 � , � � 1(x) is unique.
A sequencex1; : : : ; xn of points in B aresaid to be evenly
spacedon a curve � if thereexists a sequenceof parameter
valuesp1 < p2 : : : < pn , suchthat for eachi , 1 � i � n,
�( pi ) = x i , andfor eachi , 1 < i < n, pi � pi � 1 = pi +1 � pi .

In this paperwe �x � to be a simple,differentiablecurve
that is parameterizedby arc length. Let Ph = f p 2 P :
�( p) 2 Bh g be the domainof � in zoneBh � B. The local
part of the curve � in zoneBh is the restriction� h : Ph !
Bh . We assumethatPh is convex for every zoneBh � B; it
may be emptyfor someBh . We write jPh j for the lengthof
the curve � h . We de�ne the quantizationof a real number
x with quantizationconstant� > 0 as q� (x) = dx

� e� . For
the remainderof the paper we �x � and write qh as an
abbreviation for q� (jPh j). We write qmin for the minimum
nonzeroqh , andqmax for the maximumqh .

Ourgoalis to designanalgorithmthatrunson thephysical
nodessuch that, if there are no failures or recoveries of
physicalnodesafter a certainpoint in time, then:(1) within
�nite time thesetof nodesin eachzoneBh , h 2 H , becomes
�x ed,andthesizeof thesetis “approximately”proportional
to thequantizedlengthqh , (2) within �nite time all physical
nodesin Bh for which qh 6= 0 arelocatedon � h , and(3) in
the limit all the nodesin eachBh areevenly spacedon � h .

V. SOLUTION USING V IRTUAL NODE LAYER

The Virtual Node abstractionis used as a means to
coordinatethe movementof client nodesin a zone.A VN
controls the motion of the CN s in its zoneby settingand
broadcastingtarget waypointsfor the CN s: VN h , h 2 H ,
periodically receives information from clients in its zone,
exchangesinformation with its neighbors,and sendsout a
messagecontaininga calculatedtarget point for eachclient
node“assigned”to zoneBh . Informally, VN h performstwo
taskswhensettingthetargetpoints:(1) it re-assignssomeof
theCN s thatareassignedto itself to neighboringVN s, and
(2) it sendsa targetpositionon � to eachCN thatis assigned
to itself. Theobjective of (1) is to preventneighboringVN s
from gettingdepletedof CN sandto achievea distributionof
CN s over thezonesthat is proportionalto the lengthof � in
eachzone.The objective of (2) is to spacethe nodesevenly
on � within eachzone.A CN , in turn, receives its current
positioninformationfrom RW andits target locationfrom a
VN , and continuouslycomputesa velocity vector that will
take it to its latestreceived target point.



In our algorithm each virtual node VN h usesonly in-
formation about the portionsof the target curve � in zone
Bh andthe neighboringzones.For convenience,we assume
that all client nodesknow the completecurve � ; we could
insteadmodeltheclientnodesin Bh asreceiving inputsfrom
anotherautomatonaboutthe natureof the curve in zoneB h

andneighboringzonesonly.

A. Client NodeAlgorithm

The algorithmfor the client nodeCN (� ) i , i 2 I , appears
in Figure5. Theclient nodefollows a roundstructure,where
roundsbegin at times that are multiples of � . Recall that
VN automatado not have accessto realtime whereasCN
automatado. To help VN s follow the round structure,the
CN s send“trigger” messagesto prompttheVN s to perform
transitions.

At thebeginningof eachround,a CN sendsa cn-update
messageto its local VN (that is, the VN in whosezone
theCN currentlyresides).The cn-update messagetells the
local VN the CN 's id, its currentlocationin B, andcurrent
roundnumber.

The CN thensendsan exchange-trigger messagedv + �
later to its local VN . An additionaldM M T + 2dv + � time
later, the CN sendsa target-trigger messageto its local
VN . Both thesemessagesare trigger messagesthat include
the CN 's current location and the current round number,
usedby the local VN to determinewhethertheCN is in its
zoneandwhat the currentroundnumberis.

CN i processesonly onekind of message,target-update
messagessent by its assignedVN . Each such message
describesthenew targetlocationx �

i for CN i , andpossiblyan
assignmentto a differentVN . CN i continuouslycomputes
its velocity vectorv i , basedon its currentpositionx i andits
target positionx �

i , asv i = vc(x i � x �
i )=jjx i � x �

i jj , moving
it with maximumvelocity towardsthe target.

B. Roundstructure

The VN h , h 2 H , algorithm follows the CN s' round
structure.However, VN s do not have accessto therealtime
variable and must instead rely on trigger messagesfrom
CN s to determinewhenenoughtime haselapsedto perform
requiredactions.Here we explain how we implement the
roundstructurefor a VN .

Recall that at the beginning of a round, eachCN sends
a cn-update messageto its local VN . The CN s thensend
exchange-trigger messagesdv + � after the beginning of
the round, enoughtime that the cn-update messageshave
already been delivered, signaling to the VN that it has
received all cn-update messagesthat were transmittedat
thebeginningof the roundin its zone.TheVN waitsbefore
using information from the cn-update messagesuntil it
receivesoneof the CN s' exchange-trigger messages.The
VN thensendsvn-update messagesto its neighbors.

Each CN sendsa target-trigger messageto its local
VN an additionaldM M T + 2dv + � time after it sendsan
exchange-trigger message.This additional time is enough
for all the following to have happened:(1) eachneighboring

Signature:
2Input

receive(m) i , m 2 (f target-updateg � B)
4Output

send(m) i , m 2 (f cn-updateg � I � B � N)
6[ ( f exchange-trigger, target-triggerg � B � N)

Internal
8initi

10Variables:
Input

12x i 2 B
r ealtime 2 R � 0

14Output
v i 2 R2 , velocity vector

16Internal
x � 2 B [ f?g , target point, initially ?

18round, next-exch, next-target 2 N [ f?g , initially ?

20Transitions:
Internal initi

22Precondition
round= ?

24Effect
round, next-exch, next-target  dr ealtime=� e

26x �  x i

28Input receive(htarget-update, targeti ) i
Effect

30if target( i) 6= null then
x �  tar get(i )

32

Output send(hcn-update, i, x i , roundi ) i
34Precondition

realtime= round � �
36Effect

round round+ 1
38

Output send(hexchange-trigger, x i , next-exchi ) i
40Precondition

realtime= next-exch � � + dv + �
42Effect

next-exch  next-exch + 1
44

Output send(htarget-trigger, x i , next-targeti ) i
46Precondition

realtime= next-target � � + dM M T + 3dv + 2�
48Effect

next-target  next-target + 1
50

Trajectories:
52Evolve

if (x i = x � or x � = ? ) then v i = 0
54elsev i = vc � (x � � x i )=jj x � � x jj

Stop when
56round= ? or realtime= r ound � �

or next-exch�� + dv + � or next-target�� + dM M T + 3dv + 2�

Fig. 5. Client nodeCN (� ) i automaton.



VN has received an exchange-trigger messagefrom a
CN in its zone (dv time), (2) each neighboringVN has
performedavn-update transmissionto its neighboringVN s,
including this one (dM M T time), and (3) the neighboring
VN vn-update messageshave arrived (dv time). When a
VN �rst receives a target-trigger messagefor a particular
roundfrom any CN in its region, it knowsit hasreceivedany
vn-update messagesfrom neighboringVN s for the round.
The VN then performssomecomputationand transmitsa
target-update messageto CN s local to it.

A target-update messagemight not bereceivedby a CN
until dM M T + 2dv time after theCN sentthe target-trigger
message.This accountsfor: (1) the time it can take for the
target-trigger messageto be received by the VN (dv ), (2)
thetime it cantake for theVN to performthetarget-update
broadcast(dM M T ), and (3) the time for the broadcastto
be deliveredat the CN (dv ). Given the maximumdistance
betweena point in onezoneandthe centerof a neighboring
zone,

p
2:5b =

p
(3b=2)2 + (b=2)2, anda constantspeedof

vc for eachclient node,it cantake up to
p

2:5b
vc

time for the
CN to reachits target.Also, after theCN just arrivesin the
zoneit wasassignedto, up to

p
10b=3 =

p
2:5b� 2

3 distance
from whereit started,it could�nd thatthelocalVN is failed,
in which caseit could take up to thedr VN -startuptime for
the VN to recover.

To ensurea round is long enoughfor a client node to
sendthe cn-update, exchange-trigger, and target-trigger
messages,receivea target-update message,arriveat its new
assignedtargetlocation,andbesurea virtual nodeis alive in
its zonebeforea new roundbegins,we requirethat � satisfy
� > 2dM M T + 5dv + 2� + max(

p
2:5b=vc;

p
10b=3vc + dr ).

C. VN algorithm

The algorithm for virtual node VN (e;� 1; � 2)h , h 2 H ,
appearsin Figure 6, where e 2 Z + and � 1; � 2 2 (0; 1)
are parametersof the automaton.VN h collectscn-update
messagessent at the beginning of the round from CN s
located in its zone, aggregating the location and round
information from the messagein a table, M . When VN h

�rst receivesan exchange-trigger messagefor a particular
round from any CN in its zone,VN h tallies andcomputes
from its table M the numberof client nodesassignedto it
thatit hasheardfrom in theround,andsendsthis information
in a vn-update messageto all of its neighbors.

WhenVH h receivesa vn-update messagefrom a neigh-
boring VN , it storesthe CN populationand roundnumber
information from the messagein a table, V . When VN h

�rst receivesa target-trigger messagefor a particularround
from any CN in its region, VN h usesthe informationin its
tablesM andV aboutthenumberof CN s in its zoneandits
neighbors'zonesto calculatehow many of theCN sassigned
to itself shouldbereassignedandto whichneighboringVN s.
This is done through the assign function (see Figure 7)
which calculatesa partial function assign mapping CN
identi�ers to zonesthat they are assignedto. If the number
of CN s y(h) assignedto VN h exceedstheminimumcritical

Signature:
2Input

receive(m)h , m 2 (f cn-updateg � I � B � N)
4[ (f exchange-trigger, target-triggerg � B � N)

[ (f vn-updateg � H � N � N)
6Output

send(m)h
8

Constants:
10In = f g 2 Nbrs: qg 6= 0g

12State variables:
M : I ! B � N, partial map from CN ids to currentlocationand

14roundnumber, initially ; . Accessors: loc; r ound.
V : H ! N � N, partial mapfrom VN ids to the numberof CN s, and

16roundnumber, initially fhg, h0, 0ii g for eachg 2 N brs [ f hg.
Accessors: num; r ound.

18send-buffer, queueof messages, initially ; .
vn-done, target-done2 Z , initially 0.

20

Derived variables:
22locM = � (i 2 id (M )). loc(M(i ))

y = � (g 2 Nbrs [ f hg). num(V(g))
24

Transitions:
26Input receive(hcn-update, id, loc, roundi )h

Effect
28if loc 2 B h then

M  M [ fhid, hloc, roundii g
30

Input receive(hexchange-trigger, loc, roundi )h
32Effect

if (loc 2 B h ^ vn-done6= round) then
34for each i 2 id(M)

if round(M(i)) 6= roundthen
36M  M n fhi, M(i)i g

send-buffer  send-buffer [ fhvn-update, h, jMj, roundi g
38vn-done round

40Input receive(hvn-update, id, n, roundi )h
Effect

42if id 2 N brs then
V(id)  hn, roundi

44

Input receive(htarget-trigger, loc, roundi )h
46Effect

if (loc 2 B h ^ target-done6= round) then
48V(h)  hjMj, roundi

for eachg 2 Nbrs
50if round(V(g)) 6= roundthen

V(g)  h0, 0i
52let target = calctarget(assign(id(M), y), locM)

send-buffer  send-buffer [ fhtarget-update, targetig
54target-done round

56Output send(m)h
Precondition

58send-buffer 6= ; ^ m = head(send-buffer)
Effect

60send-buffer  tail (send-buffer)

62Tasks and bounds:
f send(m)h g, bounds[0; dM M T ]

Fig. 6. VN (e; � 1 ; � 2)h IOA signature,variables,transitions,and tasks,
implementingmotioncoordinationalgorithmwith parameters:safetye, and
damping� 1 ; � 2 .



Functions:
2 function assign(assignedM: 2I , y: Nbrs [f hg ! N): I ! H =

assign: I ! H , initially f hi, hig for eachi 2 assignedM
4 n: N, initially y(h)

ra: N, initially 0
6 if y(h) > e then

if qh 6= 0 then
8 let lower = f g 2 In: qg

qh
y(h) > y(g)g

for eachg 2 lower
10 ra  min(b� 2 � [ qg

qh
y(h) � y(g)]=2(jlowerj+1)c, n � e)

updateassignby reassigningr a nodesfrom h to g
12 n  n � r a

elseif In = ; then
14 let lower = f g 2 Nbrs : y(h) > y(g)g

for eachg 2 lower
16 ra  min(b� 2 � [y(h) � y(g)]=2(jlowerj+1)c, n � e)

updateassignby reassigningr a nodesfrom h to g
18 n  n � r a

else
20 r a  b(y(h) � e)=jInjc

for eachg 2 In
22 updateassignby reassigningr a nodesfrom h to g

return assign
24

function calctarget(assign: I ! H , locM: I ! B): I ! B =
26 seq, indexed list of pairs in P � I , initially the list, for eachi 2 I :

assign(i)= h ^ locM(i) 2 � h , of hp; i i wherep= � � 1
h (locM(i)) ,

28 sortedby p, then i
for each i 2 I : assign(i) 6= null

30 if assign(i) = g 6= h then
locM(i)  og

32 elseif locM(i) =2 � h then
locM(i)  choosef minx 2 � h f dist (x ; locM (i )) gg

34 elselet p = � � 1
h (locM (i )) , seq(k) = hp; i i

if k = ®rst(seq) then locM(i)  � h ( inf (Ph ))
36 elseif k = last(seq) then locM(i)  � h (sup(Ph ))

elselet seq(k � 1) = hpk � 1 ; i k � 1 i , seq(k + 1) = hpk +1 ; i k +1 i
38 locM(i)  � h (p + � 1 � (

pk � 1 + pk +1
2 � p))

return locM

Fig. 7. VN (e; � 1 ; � 2)h IOA functions.

numbere, then the assign function reassignssomeof the
CN s to neighborsof VN h .

Let I nh denotethe setof neighboringVN s of VN h that
are on the curve � and yh (g), g 2 N brsh [ f hg, denote
the numbernum(Vh (g)) of CN s assignedto VN g. If qh 6=
0, meaningVN h is on the curve (lines 7–11), then we let
lowerh denotethesubsetof N brsh thatareon thecurveand
have fewer assignedCN s than VN h hasafter normalizing
with qg

qh
. For eachg 2 lowerh , VN h reassignsthe smaller

of the following two quantitiesof CN s to VN g: (1) ra =
� 2 � [ qg

qh
yh (h) � yh (g)]=2(jlowerh j + 1), where� 2 < 1 is a

dampingfactor, and(2) the remainingnumberof CN s over
e still assignedto VN h .

If qh = 0, meaningVN h is noton thecurve,andVN h has
no neighborson thecurve (lines13–17),thenwe let lowerh

denotethe subsetof N brsh with fewer assignedCN s than
VN h . For eachg 2 lowerh , VN h reassignsthe smallerof
the following two quantitiesof CN s: (1) ra = � 2 � [yh (h) �
yh (g)]=2(jlowerh j + 1) and (2) the remaining number of
CN s over e still assignedto VN h .

VN h is on a boundaryif qh = 0, but thereis a g 2 N brsh

with qg 6= 0. In this case,yh (h) � e of VN h 's CN s are
assignedequally to neighborsin I nh (lines 19–22).

The client assignmentsare then used to calculatenew
target points for local CN s throughthe calctarget function
(seeFigure7). This function assignsto every CN i assigned
to VN h a targetpoint locMh (i ) 2 Bg; g 2 N brsh [ f hg, to
move to. The targetpoint locMh (i ) is computedasfollows:
If CN i is assignedto VN g, g 6= h, then its target is set
to the centerog of Bg (lines 30–31);if CN i is assignedto
VN h but is not locatedon the curve � h then its target is
set to the nearestpoint on the curve, nondeterministically
choosingone if there are several (lines 32–33); if CN i is
eitherthe �rst or last client nodeon � h thenits target is set
to the correspondingendpointof � h (lines 35–36); if CN i

is on the curve but is not the �rst or last client node then
its target is moved to the mid-point of the locationsof the
precedingand succeedingCN s on the curve (line 38). For
the last two computationsa sequenceseq of nodeson the
curve sortedby curve location is used(line 27).

VN h �nally broadcaststhe new target waypointsfor the
round througha target-update messageto its CN s.

VI . CORRECTNESS OF ALGORITHM

We say CN i ; i 2 I , is active in round t if its mode is
active for thedurationof roundt. A VN h , h 2 H , is active
in roundt if thereis someactive CN i with x i 2 Bh for the
durationof roundst � 1 and t. Thus, noneof the VN s is
active in the startinground.We usethe following notation:
I n(t) is thesetof ids h 2 H of VN s thatareactive in round
t and for which qh 6= 0. Out(t) is the set of ids h 2 H of
VN s that areactive in round t and for which qh = 0. C(t)
is the setof active CN s at roundt, andCin (t) andCout (t)
arethesetsof active CN s locatedin zoneswith ids in I n(t)
andOut(t), respectively, at the beginning of round t.

For any pair of neighboringzonesBg andBh , andfor any
round t, we use yg(h)( t) to refer to the value of yg(h) at
the point in time in round t whenVN g �nishes processing
the �rst target-trigger messageof round t it receives. For
any f ; g 2 N brsh [ f hg, in the absenceof failures and
recoveriesof CN s in roundt, yf (h)( t) = yg(h)( t); we write
this simply asyh (t). We presenta sequenceof lemmasthat
togetherestablishthe following theorem:

Theorem1: If thereareno failuresor recoveriesof client
nodesat or after someroundt0, thenwithin a �nite number
of roundsafter t0:
(1) the setof CN s assignedto eachVN h , h 2 H , becomes
�x ed,andthesizeof the setis proportionalto thequantized
lengthqh within a constantadditive term 10(2 m � 1)

qmin � 2
, and

(2) all client nodesin Bh for which qh 6= 0 are locatedon
� h andevenly spacedon � h in the limit.

For therestof thissectionwe�x aparticularroundnumber
t0 andassumethat no failuresor recoveriesof CN s occurs
at or after roundt0. The �rst lemmastatessomebasicfacts
aboutthe assign function (seeFigure7):

Lemma1: In every round t � t0: (1) If yh (t) � e for
someh 2 H, then yh (t + 1) � e, (2) I n(t) � I n(t + 1),



(3) Out(t) � Out(t + 1), (4) Cin (t) � Cin (t + 1), and (5)
Cout (t + 1) � Cout (t).

Proof: We �x round t � t0. (1) From line 6 of the
assign function (Figure 7) it is clear that VN h , h 2 H ,
reassignssomeof its CN s in round t only if yh (t) > e.

(2) For any VN h , h 2 I n(t), if yh (t) < e then VN h

doesassignCN s, and yh (t + 1) = yh (t), otherwise,from
line 16 of Figure 7 it follows that yh (t + 1) � e. In both
casesh 2 I n(t + 1).

(3) Sameas (2).
(4) ConsiderCN i , i 2 Cin (t), suchthat CN i is assigned

to VN h , h 2 I n(t). From lines 7–11 of Figure 7 we see
that CN i is assignedto someVN g, g 2 I nh [ f hg. Since
I nh [ f hg � I n(t + 1), the result follows.

(5) As thereareno failuresandrecoveriesof CN s,C(t) =
C(t + 1). By de�nition, Cin (t) [ Cout (t) = C(t), Cin (t) \
Cout (t) = ; , and Cin (t + 1) [ Cout (t + 1) = C(t + 1),
Cin (t + 1) \ Cout (t + 1) = ; . The result follows from part
(4).

The next lemmastatesa key propertyof theassign func-
tion after round t0: VN g, g 2 Out(t), is never assigneda
largernumberof CN s in roundt + 1 thanthelargestnumber
of CN s that were assignedto any of VN g 's neighborsin
round t. Similarly, VN g, g 2 I n(t), never gets a density
yg ( t +1)

qg
of CN s CN s in roundt + 1 that is greaterthanthe

highestdensityof its neighborsin roundt.

Lemma2: In every round t � t0, for g; h 2 H and h 2
N brsg: (1) If g; h 2 Out(t), yh (t) = max f 2 N br sg yf (t),
andyg(t) < yh (t), thenyg(t + 1) � yh (t) � 1, and
(2) If g; h 2 I n(t), yh ( t )

qh
= max f 2 N br sg

y f ( t )
qf

, and yg ( t )
qg

<
yh ( t )

qh
, then yg ( t +1)

qg
� yh ( t )

qh
� �

q2
max

.
Proof: (1) Fix g; h and t, as in the statementof

the lemma. Since yh (t) > yg(t) and g; h 2 Out(t),
we see from line 16 of Figure 7 that the number of
CN s that VN g is assignedfrom VN h in round t is at
most � 2(yh (t) � yg(t))=2(jlowerh (t)j + 1). This is at most
� 2(yh (t) � yg(t))=4, becauseyh (t) > yg(t) implies that
lowerh (t) � 1. Then, the total numberof CN s assigned
to VN g in round t by all four of its neighborsis at most
� 2(yh (t) � yg(t)) . Therefore,yg(t + 1) � yg(t) + � 2(yh (t) �
yg(t)) = � 2yh (t) + (1 � � 2)yg(t). As � 2 < 1, we have
yg(t + 1) < yh (t). The result follows from integrality of
yg(t + 1) andyh (t).

(2) As in part 1, �x g; h and t. Here yh ( t )
qh

> yg ( t )
qg

and
g; h 2 I n(t). From line 10 of Figure 7, it follows that the
numberof CN s thatVN g is assignedfrom VN h in roundt
is at most� 2( qg

qh
yh (t) � yg(t))=2(jlowerh (t)j + 1). This is at

most� 2( qg

qh
yh (t) � yg(t))=4. Then,the total numberof CN s

assignedto VN g in round t by all four of its neighborsis
at most � 2( qg

qh
yh (t) � yg(t)) . Therefore,yg(t + 1) � (1 �

� 2)yg(t) + � 2
qg

qh
yh (t), that is yg ( t +1)

qg
� (1 � � 2) yg ( t )

qg
+

� 2
yh ( t )

qh
. As � 2 < 1, we have yg ( t +1)

qg
< yh ( t )

qh
. A simple

calculationshows that if yh ( t )
qh

6= yg ( t )
qg

, then yh ( t )
qh

� yg ( t )
qg

�
�

q2
max

.

The next lemmastatesthat thereexists a roundTout that
is reachedwithin a �nite numberof roundsafter t0, such
that in every round t � Tout , the set of CN s assignedto
VN h , h 2 Out(t), doesnot change.

Lemma3: There exists a round Tout � t0 such that in
any round t � Tout , the set of CN s assignedto VN h , h 2
Out(t), is unchanged.

Proof: First,we show thatthenumberof CN s assigned
to VN h , h 2 Out(t), remainsunchanged,that is yh (t + 1) =
yh (t). Let Nout be the total numberof h 2 H such that
qh = 0. For any k, 1 � k � Nout , we de�ne maxk (t) to
be the kth largestnumberof CN s that are assignedto any
VN h , h 2 Out(t), at the beginning of round t � t0:

maxk (t) �=

8
<

:

maxf yh (t) : h 2 Out(t)g; if k = 1
maxf yh (t) : h 2 Out(t) ^

yh (t) < maxk � 1(t)g; otherwise:

Let maxvnsk (t) be the set of VN ids that have maxk (t)
CN s assignedto them. If thereexists an l , 1 � l � Nout ,
such that 8h 2 Out(t) : max l (t) � yh (t), then for all k,
l < k � Nout , maxk (t) = 0 andmaxvnsk (t) = ; .

Let E(t) = (jCout (t)j, max1(t); jmaxvns1(t)j; : : :,
maxN out (t); jmaxvnxN out (t)j). Let w be the minimum
yh (t0) for any h 2 Out(t0), and S = f h 2 Out(t0) :
yh (t0) = wg. Observe that if w < e, then Emin =
(wjSj; w; jSj; 0; 0 : : : ; 0; 0) is a minimum value for E(t),
otherwiseEmin = (ejSj; e;jSj; 0; 0 : : : ; 0; 0) is a minimum
value. It suf�ces to show that for any round t � t0, either
E(t + 1) = E(t), that is, t = Tout , or E(t + 1) is less
than E(t) by some constantamount, meaning there is a
k; 1 � k � Nout , such that for every l ; 1 � l < k, the
l th componentof E(t + 1) is equalto the l th componentof
E(t), and the k th componentof E(t + 1) is less than the
kth componentof E(t) by at least1.

Considerany round t after t0. From Lemma1 we know
that jCout (t + 1)j � jCout (t)j. If jCout (t + 1)j < jCout (t)j,
thenthe �rst componentof E(t + 1) is lessthanthatof E(t)
by at least 1. Otherwise,jCout (t + 1)j = jCout (t)j. If for
every h 2 Out(t), r a = 0 for all g 2 lowerh (t) (seeline 16
of Figure7), thennoneof theCN s in Cout (t) arereassigned
in roundt + 1, andE(t + 1) = E(t). SettingTout = t, we are
done.Otherwise,thereexists a nonemptyset of VN s with
ids in Out(t) that reassignsomeCN s to a neighboringVN .
We selectthenonemptysetA of suchVN s with thehighest
numberof assignedCN s. Let A � maxvnsk (t), for some
k; 1 � k � Nout .

For any g 2 Out(t) with yg(t) < maxk (t), themaximum
valueof yh (t) for any h 2 N brsg suchthatVN g getssome
CN s from VN h in roundt is at mostmaxk (t). FromPart(1)
of Lemma2 it follows that yg(t + 1) � maxk (t) � 1.

For any VN h , h 2 A, since no VN with y >
maxk (t) assignsany CN s to VN h , yh (t + 1) = yh (t) �P

g2 low er h ( t ) r ag(t), whererag is thenumberof CN s VN h

assignsto its neighborVN g in round t. We have shown
above that for any g 2 Out(t), if yg(t) < maxk (t) then
yg(t + 1) � maxk (t) � 1. Therearetwo possiblecases:(1)



if maxvnsk (t) = A, thenthek th maxdecreases,maxk (t +
1) � maxk (t) � 1. That is, the (2k + 1)st componentof
E decreasesby at least 1, and (2) if A � maxvnsk (t),
then maxk (t + 1) = maxk (t) and jmaxvnsk (t + 1)j =
jmaxvnsk (t)j � jAj. That is, the (2k + 2)nd component
of E decreasesby at least1. This implies that thereexists
Tout , suchthat the numberof CN s assignedto eachVN h ,
h 2 Out(t), t � Tout , remainsunchanged.

Now supposethe set of CN s assignedto VN h changes
in someround t � Tout . Since yh (t + 1) = yh (t) for all
h 2 Out(t). Summing,jCout (t + 1)j = jCout (t)j andusing
Lemma1 we getCout (t+ 1) = Cout (t). Theonly way theset
of CN s assignedto VN h could change,without changing
yh andthe setCout , is if thereexisteda cyclic sequenceof
VN s with ids in Out(t) in which eachVN givesup c > 0
CN s to its successorVN in the sequence,and receives c
CN s from its predecessor. However, sucha cycle of VN s
cannotexist becausethe lower set imposesa strict partial
orderingon the VN s.

For the restof thesectionwe �x Tout to bethe �rst round
after t0, at which the property statedby Lemma 3 holds.
Lemma 3 implies that in every round t � Tout , I n(t) =
I n(Tout ); Out(t) = Out(Tout ); Cin (t) = Cin (Tout );
and Cout (t) = Cout (Tout ); we denote these simply as
I n; Out; Cin ; and Cout . The next lemma statesa property
similar to that of Lemma3 for VN h , h 2 I n, and its proof
is similar to the proofs of Lemma 3, and usespart (2) of
Lemma2.

Lemma4: Thereexists a roundTstab � Tout suchthat in
every round t � Tstab , the set of CN s assignedto VN h ,
h 2 I n, is unchanged.

The following lemma boundsthe total numberof CN s
locatedin zoneswith ids in Out to be O(m3).

Lemma5: In every roundt � Tout ; jCout (t)j = O(m3):
Proof: FromLemma3, thesetof CN sassignedto each

VN h , h 2 Out(t), is unchangedin every round t � Tout .
This implies that in any roundt � Tout , thenumberof CN s
assignedby VN h to any of its neighborsis 0. Therefore,
from line 20 of Figure7, for any boundaryVN g, (yg(t) �
e)=jI ng j < 1. I ng is the (constant)set of h 2 N brsg with
qh 6= 0. Since jI ng j � 4, yg(t) < 4 + e. From line 16
of Figure 7, for any non-boundaryVN g, g 2 Out(t), that
is 1-hopaway from a boundaryVN h , � 2 (yg ( t ) � yh ( t ))

2( j low er g ( t ) j+1) < 1.
Sincejlowerg(t)j � 4, yg(t) � 10

� 2
+ 4+ e. Inductingon the

numberof hops,the maximumnumberof CN s assignedto
a VN g, g 2 Out(t), at l hopsfrom the boundaryis at most
10l
� 2

+ e+ 4. Sincefor any l , 1 � l � 2m � 1, therecanbe at
mostm VN s at l -hopdistancefrom theboundary, summing
gives jCout j � (e+ 4)(2m � 1)m + 10m 2 (2m � 1)

� 2
= O(m3).

For therestof thesectionwe �x Tstab to bethe�rst round
after Tout , at which the propertystatedby Lemma4 holds.
The next lemmastatesthat the numberof CN s assignedto
eachVN h , h 2 I n, in the stableassignmentafter Tstab is

proportionalto qh within a constantadditive term.

Lemma6: In every roundt � Tstab , for g; h 2 I n(t):

�
�
�
�
yh (t)

qh
�

yg(t)
qg

�
�
�
� �

�
10(2m � 1)

qmin � 2

�
:

Proof: Considera pair of VN s for neighboringzones
Bg andBh , g; h 2 I n. Assumew.l.o.g.yh (t) � yg(t). From
line 10 of Figure 7, it follows that � 2( qg

qh
yh (t) � yg(t)) �

2(jlowerh (t)j + 1). Sincejlowerh (t)j � 4, j yh ( t )
qh

� yg ( t )
qg

j �
10

qg � 2
� 10

qmin � 2
. By inductionon the numberof hopsfrom 1

to 2m � 1 betweenany two VN s, the result follows.

From line 33 of Figure7, it follows immediatelythat by
thebeginningof roundTstab + 2, all CN s in Cin arelocated
on the curve � . This establishesthat the VN algorithm
satis�es our secondgoal. The next lemma statesthat the
locationsof the CN s in eachzoneBh , h 2 I n, are evenly
spacedon � h in the limit.

Lemma7: Consider a sequence of rounds t1 =
Tstab ; : : : ; tn . As n ! 1 , the locations of CN s in Bh ,
h 2 I n, areevenly spacedon � h .

Proof: From Lemma4 we know that the set of CN s
assignedto eachVN h , h 2 I n, remainsunchanged.Then,
at the beginning of roundt2, every CN assignedto VN h is
locatedin Bh and is on the curve � h . Assumew.l.o.g. that
VN h is assignedat leasttwo CN s. Then,at the beginning
of round t3, one CN is positionedat eachendpointof � h ,
namelyat � h (inf (Ph )) and � h (sup(Ph )) . From lines 35–
36 of Figure 7, we see that the target points for these
endpoint CN s are not changedin successive rounds.Let
seqh (t2) = hp0; i (0) i ; : : : ; hpn +1 ; i (n +1) i , whereyh = n + 2,
p0 = inf (Ph ), and pn +1 = sup(Ph ). From line 38 of
Figure 7, for any i , 1 < i < n, the i th elementin seqh

at round tk , k > 2, is given by:

pi (tk+1 ) = pi (tk ) + � 1

�
pi � 1(tk ) + pi +1 (tk )

2
� pi (tk )

�
:

For the endpoints,pi (tk+1 ) = pi (tk ). Let the i th evenly
spacedpoint on the curve � h betweenthe two endpointsbe
�x i . The parametervalue �pi correspondingto �x i is given by
�pi = p0 + i

n +1 (pn +1 � p0). In what follows,we show thatas
n ! 1 , thepi convergeto �pi for every i , 0 < i < n+ 1, that
is, the location of the non-endpointCN s areevenly spaced
on � h . Therestof this proof is exactly thesameastheproof
of Theorem3 in [8] in which theauthorsprove convergence
of pointson a straightline with even spacing.

Observethat �pi = 1
2 ( �pi � 1+ �pi +1 ) = (1� � 1) �pi +

� 1
2 ( �pi � 1+

�pi +1 ). De�ne error at step k, k > 2, as ei (k) = pi (tk ) �
�pi . Therefore,for each i , 2 � i � n � 1, ei (k + 1) =
pi (tk+1 ) � �pi = (1 � � 1)ei (k) + � 1

2 (ei � 1(k) + ei +1 (k)) ,
e1(k + 1) = (1 � � 1)e1(k) + � 1

2 e2(k), and en (k + 1) =
(1� � 1)en (k)+ � 1

2 en � 1(k). Thematrix for thiscanbewritten



as:e(k + 1) = Te(k), whereT is an n � n matrix:
2

6
6
6
6
4

1 � � 1 � 1=2 0 0 : : : 0
� 1=2 1 � � 1 � 1=2 0 : : : 0

� � � � � �
0 : : : 0 � 1=2 1 � � 1 � 1=2
0 : : : 0 0 1 � � 1 � 1=2

3

7
7
7
7
5

:

Using symmetryof T , � 1 � 1, andsomestandardtheorems
from control theory, it follows that the largesteigenvalueof
T is lessthan1. This impliesl im k !1 T k = 0, which implies
l im k !1 e(k) = 0.

VI I . SIMULATION RESULTS

In this sectionwe brie�y describethe performanceof the
algorithm as observed in Matlab simulations.In particular
we studythe stabilizationtime Tstab , that is, the numberof
roundsrequiredto achieve a stabledistribution of PN s over
zonesin H , for different typesof target curves.The inputs
to the Matlab function that modelsthe assign function of
our algorithm are: (1) a value of the parametere of the
algorithm, and (2) two m � m matricescorrespondingto
the initial and the target distribution of PN s respectively.
We have performedsimulationsfor different valuesof m
and for different target distributions. In all the experiments,
we �x the value of e to be 5, the numberof participating
PN s to be105, andthe initial locationsof all PN s to be the
lower right cornerof B.

The bar charts in in Figure 8 show the distribution of
the PN s (dark bars) at different stagesin a typical run of
the algorithm,and the target distribution (light bars).From
top to bottom, the chartsshow the distribution of the PN s
after the �rst round,at theendof roundTout , andthestable
distribution attainedat roundTstab , respectively.

The plots in Figure 9 show the valuesof Tout and Tstab

for valuesof m rangingfrom 10 to 20, andfor threedifferent
curves. C1 covers a rectangularregion at the lower-right
cornerof B, C2 covers a rectangularregion at the top-left
cornerof B, and C3 is an annularring at the centerof B.
From theseplots we observe that if the curve is locatedfar
from the initial position of the PN s, as in the caseof C2,
then the stabilizationtime Tstab is dominatedby Tout .

VI I I . IMPLEMENTING THE V IRTUAL NODE LAYER

In additionto client CN i , a physicalnodePN i , i 2 I , in
zoneBh runsa TOBcasti;h serviceanda VNE i;h , h 2 H ,
algorithm (see Figure 10) to help implement each virtual
nodeVN h andthe VLBcast serviceof the virtual layer.

In this sectionwe presenta sketchof our implementation
of thevirtual layerby thephysicallayer. Our implementation
is an adaptationof techniquesfrom [4] to emulatea virtual
mobile node. The only substantive changesmade in our
currentimplementationare:(1) the changingof virtual node
locationsto be stationary, (2) the replacementof a periodic
locationupdatewith a continuousreal-timelocationupdate,
and (3) the restartof a virtual nodeas soon as a physical
node discovers it is in a failed virtual node's zone. The
virtual nodeswe implementherearealsomodeleddifferently Fig. 8. Simulation results show the actual (dark) and target (light)

distribution of PN s over H , at the end of variousrounds:the �rst round
(top), at Tout (middle), andat Tstab (bottom).
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from thosein [4], asMMT automata,ratherthansimpleI/O
automata.

We use a standardreplicatedstatemachineapproachto
implement robust virtual nodesthat takes advantageof a
TOBcast serviceto ensurethat all VNE s in a zonereceive
the samemessagesin the sameorder. Using the LBcast
serviceof thephysicalnodesandcommonknowledgeabout
realtime , the totally orderedbroadcastservice TOBcast
for a zone can be implementedas follows: At the time of
sending,a messageis taggedwith the sender's identi�er,
zoneid, a sequencenumber, anda timestamp,which is the
currentvalue of realtime . The tagsde�ne a total order on
sentmessages,usedin delivery. Beforedeliveringa message

TOBcasti;h waits until dp + � time has elapsedsince it
was sent, ensuringthat earlier messageswere received. It
then delivers the messagesfor the timestampin order of
senderid and sequencenumber. (As a technicaldetail, we
actuallyorderall join-req messages(describedshortly)after
any othermessagesfor a particulartime.) TOBcast i;h only
processesmessagestaggedfor zoneBh .

EachVNE i;h independentlymaintainsthe stateof VN h

andsimulatesperformingactionsof theVN on thatstate.In
orderto keepthe statereplicationconsistentacrossdifferent
VNE s running on different physical nodes in the same
zone,whenVNE i;h wantsto simulatean actionof the VN
(such as that of receiving a messageat the VN that was
actually received by VNE i;h ), it broadcastsa suggestionto
performthe actionto the otherVNE s of the zoneusingthe
TOBcast service.Whenan actionsuggestionis receivedby
VNE i;h , it is saved in a pending-action queue.Actions are
removed from a pending-action queuein orderby VNE i;h

and simulatedon VNE i;h 's local versionof the VN state.
A completedaction is thenmoved into a completed-action
queue, referencedby VNE i;h to prevent reprocessingof
completedactions.

Whena VNE entersa zone,it executesa join protocolto
get the zone's VN state.The join protocolbegins by using
TOBcast to senda join-req message.Whenever a VNE
receivesits own join-req message,it startssaving messages
to processin its pending-action queue.If a VNE that has
alreadyjoinedreceivesthejoin-req, it usesTOBcast to send
a join-ack containinga copy of its versionof the VN state.
When the joining VNE receives the join-ack, it copiesthe
included VN stateand startsprocessingthe actions in its
pending-action queue.If a VNE 's join-req is not answered
in 3dp + 3� time, indicatingthe VN is failed, the VNE will
resettheVN � time laterby usingTOBcast to senda reset
message.Whena VNE receivesa reset message,it setsthe
VN stateto its initial state,clearsthepending-action queue,
andstartssimulatingthe VN .

Theorem2: Assuming Rp �
p

5b, the TOBcasti;h ,
VNE i;h , i 2 I ; h 2 H , and trivial client implementation
correctly implementthe Virtual Node abstractionwith VN
taskuppertime bounddM M T = 2dp + 2� , VN -startuptime
dr = 4dp + 5� , VLBcast broadcastradius Rv � b, and
VLBcast maximummessagedelaydv = 2dp + � .

Proof: The correctnessof the implementationof the
Virtual Node layer largely follows from the proof of cor-
rectnessfor the implementationof the VMN layer in [4].
We herediscussthe correctnessof the implementationwith
respectto: (1) thetaskupperbound,(2) theVN -startuptime,
and(3) the requirementsfor LBcast andVLBcast.

(1) Onceoneof anabstractVN h 's outputor internaltran-
sitionsis enabled,the preconditionfor sendinga suggestion
to simulatethe action through TOBcast is satis�ed at all
VNE i;h for PN i in Bh , and the broadcastoccurs.It takes
at mostdp + � time for the messageto be deliveredat other
VNE i;h for PN i in Bh , afterwhich theactionis simulated.
However, it is possiblefor all active VNE s to fail right after



sendinga join-ack to a new VNE and before proposing
an enabledaction, leaving the new VNE to broadcastthe
simulationproposaldp+ � later, whenit receivesthejoin-ack.
Given that PN transitionsareassumedto be instantaneous,
dM M T = 2dp + 2� .

(2) If PN i enters a zone Bh with a failed VN , its
VNE i;h 's join-req will not be answeredin 3dp + 3� time,
andtheVNE will senda reset messageanadditional� later.
It takes the VNE at most dp + � time to receive the reset
messageand restartthe VN . The total time 4dp + 5� for a
joining nodeto succeedin restartinga VN is dr .

(3) As in [4], dv = 2dp + � sincethe underlyingLBcast
service used to implement VLBcast takes up to dp time
to deliver a transmittedmessagefrom a VN or CN , after
which TOBcast takesanadditionaldp + � time to redelivera
messageat a receiving VN . Also similarly to [4], we require
that Rp �

p
5b, in order to guaranteethat Rv � b, allowing

a CN i in Bh , i 2 I , h 2 H , andVN h to communicate,and
a VN h (locatedat oh ) and eachof its neighboringzones'
VN g, g 2 N brs(h), (locatedat og) to communicate.This is
becausea VNE emulatinga zoneBh canbe asfar away asp

(2b)2 + b2 from a VNE emulatingtheVN of neighboring
zone Bg. To guaranteethe two can communicatewhile
emulatingtheir respective VN s, the broadcastradiusRp of
thephysicalLBcast servicemustbebeat least

p
5b. Unlike

[4], however, we donot requireanadditionaltolerancefactor
to accountfor periodiclocationupdatesfrom theRW ; here,
the RW automatonis assumedto continually updatethe
VNE of its currentlocation.

IX. FUTURE WORK AND EXTENSIONS

We believe the framework introducedin this papercan
be useful in simplifying the coordinationof mobile nodes
to solve a variety of other, more complex, problems.One
promising avenueof future work would be to employ our
framework for someof thoseproblems.As oneexample,in
the control algorithm presentedin this paper, eachvirtual
nodeVN usesonly local informationaboutthe target curve
� . This useof only local informationshouldadaptwell to a
problemextensionwherethecurve is dynamicallychanging.
The curve (or point, even) could be moving targets being
tracked.In thiscase,theframework for coordinationof nodes
we presenthere is useful for two reasons:(1) maintaining
alive VN s to detecttargetsand (2) guiding physicalnodes
to the moving targets.

Also of interest is an in-depth analysisof the stability
of the control algorithm employed in this paper in the
face of some regular rate of physical node addition and
removal. While there has been a paucity of work in this
area,suchanalysesareextremelyimportantin theevaluation
of solutions to most any control algorithms for dynamic
systems.
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APPENDIX

Signature:
Input

receive(m) i;h , m a client message
TOBcast-rcv(m) i;h , m a T OB cast message

Output
send(m) i;h , m a client message
TOBcast(m) i;h m a T OB cast message

Internal
zone-updatei;h
joini;h
restarti;h
init-action(act) i;h , act 2 VNh .sig n inputs
simulate-action(act) i;h , act 2 VNh .sig
ack-joini;h

Variables:
Input

x i 2 B, currentlocationof mobile node
realtime2 R � 0

Internal
status2 f joining, listening, activeg, initially active
h 2 H [ f?g , zoneid, initially ?
val 2 VN h .states, stateof VN h , initially V N h :star t
pending-join, max id of pendingjoin reqs, initially 0
completed-join, max id of answeredjoin reqs, initially 0
join-id, time of join-req, initially 0
pending-actions, queueof V N h :actions to be simulated, initially ;
completed-actions, queueof V N h :actions simulated, initially ;
TOBcast-out, queueof outgoingT OB cast msgs,initially ;
local-out, queueof outgoingclient messages, initially ;

Trajectories:
Stop when any Preconditionis satis�ed

Fig. 11. Signature,variables,trajectoriesof VNE i;h algorithm imple-
mentingVN h .

Input receive(m) i;h
Effect

TOBcast-out  TOBcast-out [ fhsimulate, hreceive, mi , ?ig

Output send(m) i;h
Precondition

local-out 6= ; ^ m = head(local-out)
Effect

local-out  tail (local-out)

Internal init-action(act) i;h
Precondition

status= active ^ x 2 B h ^ � (val, act) 6= ?
Effect

TOBcast-out  TOBcast-out [ fhsimulate, act, hrealtime, iii g

Internal joini;h
Precondition

status= idle ^ x 2 B h
Effect

status joining
join-id  realtime
TOBcast-out  TOBcast-out [ fh join-req, ? , join-idi g

Internal restarti;h
Precondition

status= listening ^ x 2 B h ^ realtime= join-id + 3dp + 4�
Effect

TOBcast-out  TOBcast-out [ fhreseti g

Internal zone-updatei;h
Precondition

x =2 B h
Effect

status idle
h  id of zoneh0 suchthat x 2 B h 0

val  VNh .start
pending-actions ;

Internal simulate-action(act) i;h
Precondition

status= active ^ x 2 B h ^ head(pending-actions) = hsimulate, act, oidi
Effect

dequeue(pending-actions)
if (hsimulate, act, oidi =2 completed-actions^ � (val, act) 6= ? ) then

val  � (val, act)
if act = hsend, mi then

local-out  local-out [ f mg
completed-actions completed-actions[ fhsimulate, act, oidig

Internal ack-joini;h
Precondition

status= active ^ x 2 B h ^ pending-join > completed-join
pending-actions= ; ^ 8act 2 VNh .sig n inputs: � (val, act)= ?

Effect
TOBcast-out  TOBcast-out [ fh join-ack,hval, completed-actionsi , pending-joini g
completed-join  pending-join

Input TOBcast-rcv(hoptype, param, oidi ) i;h
Effect

if optype= simulate then
if status= listening or active then

enqueue(pending-actions, hsimulate, param, oidi )
if optype= join-req then

pending-join  max(pending-join, oid)
if (status= joining ^ oid = join-id) then

status listening
if optype= join-ack then

completed-join  max(completed-join, oid)
if (status= listening and oid � join-id) then

status active
hval, completed-actionsi  param

if optype= reset then
status active
pending-actions ;

Output TOBcast(m) i;h
Precondition

TOBcast-out 6= ; ^ m = head(TOBcast-out)
Effect

TOBcast-out  tail (TOBcast-out)

Fig. 12. Transitionsof VNE i;h algorithm.


