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Problem 1. Match-up [16 points]

Fill in the following tableby specifying,for eachalgorithm, the letter of the recurrencefor its
runningtime

�������
andthenumeralof thesolutionto thatrecurrence.Pointswill bedeductedfor

wronganswers,sodonotguessunlessyouarereasonablysure.

Algorithm Recurrence Solution

Mergesort
(worstcase)

d 6

Binarysearch
(worstcase)

b 2

Randomizedquicksort
(expected)

g 6

Randomizedquicksort
(worstcase)

h 5

Strassen’salgorithm
(worstcase)

a 3

Selection
(worstcase) c 1

Randomizedselection
(worstcase) h 5

Randomizedselection
(expected) e 1

Letter Recurrence

a
�������	��
�����������������������

b
�������	����������������������

c
�������	����� �!���"$#$���%�&�'
(��)��*+��,-�����������

d
�������	������������������������

e
�������	� �� ./02143 .�5 �76 �&�'89�����������

f
�������	��������������������:� �

g
�������	� �� .(;=</0>19? ���789�����������

h
�������	�������A@B� �����������

Numeral Solution

1
�������C���������

2
�������C������DFE	���

3
�������C�������HGJI�KL�

4
�������C������� �

5
�������C������� � �

6
�������C�������MDFE	���
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Problem 2. Merging several sorted lists [19 points]

ProfessorFiorina usesthe following algorithmfor merging
8

sortedlists, eachhaving
���8

ele-
ments.Shetakesthefirst list andmergesit with thesecondlist usinga linear-time algorithmfor
merging two sortedlists, suchasthemerging algorithmusedin mergesort. Then,shemergesthe
resultinglist of

�(���8
elementswith thethird list, mergesthelist of N ���8 elementsthatresultswith

thefourth list, andsoforth, until sheendsup with asinglesortedlist of all
�

elements.

(a) Analyzetheworst-caserunningtimeof theprofessor’salgorithmin termsof
�

and
8
.

Solution: Merging thefirst two lists,eachof
���8

elements,takes
�(���8

time. Merg-
ing the resulting

�(���8
elementswith the third list of

���8
elementstakes N ���8 time,

andsoon. Thusfor a total of
8

list, wehave:

��O7PRQ � �(�8 � N �8 �TS�S�S�� 8U�8
� 0/ V 1 �

O'�8
� � 8 0/V 1 � O� � 8 �78W�����X�'8Y@B����� Z9����89�
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(b) Briefly describean algorithmfor merging
8

sortedlists, eachof length
���8

, whose
worst-caserunningtime is [ ���MDFE\89�

. Briefly justify the runningtime of your algo-
rithm. (If you cannotachieve [ ���MD]E\89�

, do thebestyou canfor partialcredit.)

Solution: Thereareseveralpossibleanswers(only oneis required).Onemethodis
to repeatedlypair up the lists, andmergeeachpair. This methodcanalsobeseenas
a tail componentof the executionmerge sort, wherethe analysisis clear. Finally, a
conceptuallysimplemethodis to storeamin priority queueof theminimumelements
of eachof the

8
lists. At eachstep,we outputtheextractedminimumof thepriority

queue,andusingsattelitedatadeterminefrom which of the
8

lists it came,andinsert
thenext elementfrom thatlist into thepriority queue.



6.046J/18.410J/SMA5503Quiz 1 Solution Name 5

(c) Arguethatthereare �4^�_�����89��^`� 0
differentwaysto interleave

8
lists,eachof length

���8
, into asinglelist of length

�
.

Solution: For thefirst list,

numberof waysof choosing
� 8 elementsfrom

�
elements

� �4^���R@a.0 �L^b�2. 0 ��^
Notethatof the

� . 0 ��^ possiblepermutationof theelementsin thelist, only 1 permuta-
tion is valid becausetheelementsin thelist is alreadysorted.Hencethe

� . 0 ��^ termin
thedenominator.

For thesecondlist,

numberof waysof choosing
� 8 elementsfrom theremaining

�A@ � 8 elements
� ���R@ . 0 �L^���A@ � .0 �L^b� . 0 �L^

And soon. Therefore,total numberof waysof forming the
8

lists, eachof size
���8

,
from

�
elementsis:

� �c^���A@ . 0 ��^]� . 0 ��^
���A@�.0 ��^���A@ � .0 ��^]�L. 0 �L^ S�S�S

���A@ed 0 ; �:f .0 �L^���R@gd 0 ;=< f .0 ��^]� . 0 ��^
���R@gd 0 ;=< f .0 ��^���A@ 0 .0 ��^]� . 0 ��^

� �c^�h�����8i��^`� 0
This is exactly thenumberof differentwaysof interleaving the

8
list, into thesingle

list of
�

elements
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(d) Prove a lower boundof j ���MDFEk89�
on theworst-caserunningtime of any comparison

algorithm for merging
8

sortedlists eachof length
���8

. (Hint: Use the fact that�����Q � .�l �4^ l � .
.)

Solution: Considerthedecisiontreeusedto make thecomparisons.Theworst-case
runningtimecorrespondsto theheightof thetree:

��O7PRQ � DFE �4^�_�����89��^`� 0
� DFE\�c^�@%D]E=�h� � 8 ��^`� 0m DFE\�c^�@%D]E=�h� � 8 �$n o)� 0� DFE\�c^�@%�MD]E � 8� DFE\�c^�@%�MD]EC���p�MD]Ek8
m DFEq� � Q � . @%�MDFE\���p�MD]Ek8
� �MDFE\�A@%�MDFECQr@s�utbvU���p�MD]Ek8� �MDFEw8&@s�MDFE\Q� j ���MD]Ek89�
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Problem 3. True or False, and Justify [45 points]

Circle T or F for eachof thefollowing statements,andbriefly explainwhy. Themorecontentyou
provide in your justification,thehigheryour grade,but bebrief. Your justificationis worth more
pointsthanyour true-or-falsedesignation.

(a) T F A constant
� ? m �

existssuchthatfor any
� m � ? , thereis anarrayof

�
elements

suchthatinsertionsortrunsfasterthanmergesorton thatinput.

Solution: true.
If the

�
elementsarealreadyin sortedorder, therunningtimefor insertionsortis[ �����

, whereasthatof mergesortis [ ����tbv)���
.

(b) T F Considerthealgorithmfrom thetextbookfor building a max-heap:

BUILD-MAX-HEAP
��xM�

1 heap-size y x�z|{
length y xrz

2 for
Oc{ }

length y x�z!�� ~
downto

�
3 do MAX-HEAPIFY

��x��hO��
On an arrayof

�
elements,this coderuns in

�����MDFE\���
time in the worst case,

becausethereare
�������

callsto MAX-HEAPIFY , andtheworst-casetime for any
call is

����D]EC���
.

Solution: false.�MDFEC�
is nota tight bound.In fact,Build-Max-Heaprunsin

�������
time,asproven

duringrecitation.
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(c) T F Givenanumber� andapositiveinteger
�
, thevalue � � n � � d � n f canbecomputed

in [ ���MD]E	���
time by repeatedsquaring.(Assumethatmultiplying two numbers

takesconstanttime.)

Solution: true.

� � n � � � n��(� � � nL���
Letting

�������
= � � n , wehave:��������� �$������@B����������� �� �������� [ ���MD]E����

Note: it is importantto understandthat
�������

= [ ���MD]E	���
.

(d) T F An adversarycanforcerandomizedquicksortto run in j ��� � �
time by providing

asinput analreadysortedor reverse-sortedarrayof size
�

.

Solution: false.
Therunningtime is notdependenton theinput thattheadversaryprovides.This
is becauseradomizedquicksortwill randomlychoosea pivot to partition, inde-
pendentof theinput.

(e) T F For any integer-valuedrandomvariable� m *
, wehave�	��� � ��*U� m �+@p� yJ� z��

Solution: true

�C��� � m�� � l � yJ� z��	��� � m ��� l � yJ� z
�	��� � �a*U� � �+@%�	��� � m ���m �+@%� yJ� z
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(f) T F Bucket sort is asuitableauxiliarysortfor radixsort.

Solution: true.
An auxilliary sort for radix sortmustbestable.Bucket sort is stableandhence
suitablefor useasanauxilliary sortfor radix sort.

(g) T F Considertwo implementationsof ahashtablewith
P

slotsstoring
�

keys,where����P
. Let

�|����P��>���
betheexpectedtimefor anunsuccessfulsearchin thetable

if collisionsareresolved by chaining,using the assumptionof simpleuniform
hashing.Let

�|����P��h���
betheexpectedtimefor anunsuccessfulsearchin thetable

if collisionsareresolved by openaddressing,usingthe assumptionof uniform
hashing.Then,wehave

�|����P��>���C�a�����|� ��P��h���h�
.

Solution: false.

�|����P��>����� ���:�k� �P �
������P��>����� ��� ��+@�.� �

In theworstcase,in thechainingversion,we needto searchthroughall theval-
uesin oneparticularslot. On theotherhand,in theopenaddressingversion,we
needto searchthrougheveryslot. Hence

�|����P��>���M��a�����|� ��P��h���h�
.
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(h) T F Let � be a classof universalhashfunctionsfor a hashtableof size
P ���|�

.
Then, if we usea random �g g� to hash

�
keys into the table, the expected

numberof collisionsis at most
� $�

.

Solution: true.
Numberof waysto choose2 keysoutof

�
keys is

. d .(;=< f�
Therefore,theexpectednumberof collisions,

� y numberof collisions
z�� �����R@�� �� �P

� �����R@�� �� �� �
l ��

(i) T F Givenaset
�U� � < �>¡ < ����� � � �>¡ � ���X�¢�¢�X��� � . �>¡ . �L� of pointsin theplane,the £ �

points
closestto the origin

�'*U�2*-�
(using normal Euclideandistance)can be found in[ �����

time in theworstcase.

Solution: true.

Findingthedistanceof everypoint from theorigin takes [ �����
. We canthenuse

Selectto getthe £ � � � point. Thatagaintakes [ �����
. Finally, partitioningaround

the £ � � � point requies[ �����
. Eachof thestepstakes [ �����

. Therefore,total time
is [ �����


