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Problem Set 9 Solutions

MIT students: Thisproblemsetis duein lectureon Wednesday, November 21.

SMA students: This problemsetis dueafterrecitationon Friday, November 23.

Reading: Chapters22 and24.

Both exercisesand problemsshouldbe solved, but only the problems shouldbe turnedin.
Exercisesareintendedto helpyoumasterthecoursematerial.Eventhoughyoushouldnot turn in
theexercisesolutions,youareresponsiblefor materialcoveredby theexercises.

Mark the top of eachsheetwith your name,the coursenumber, the problemnumber, your
recitationinstructorandtime,thedate,andthenamesof any studentswith whomyoucollaborated.

MIT students: Eachproblemshouldbedoneonaseparatesheet(or sheets)of three-holepunched
paper.

SMA students: Eachproblemshouldbedoneonaseparatesheet(or sheets)of two-holepunched
paper.

Youwill oftenbecalleduponto “giveanalgorithm” to solveacertainproblem.Yourwrite-up
shouldtake the form of a shortessay. A topic paragraphshouldsummarizetheproblemyou are
solvingandwhatyour resultsare.Thebodyof youressayshouldprovide thefollowing:

1. A descriptionof thealgorithmin Englishand,if helpful,pseudocode.

2. At leastoneworkedexampleor diagramto show morepreciselyhow youralgorithmworks.

3. A proof (or indication)of thecorrectnessof thealgorithm.

4. An analysisof therunningtimeof thealgorithm.

Remember, your goal is to communicate.Graderswill be instructedto take off pointsfor convo-
lutedandobtusedescriptions.
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Exercise 9-1. Do exercise22.2-7on page539of CLRS.

Solution:

RunBFSon any node � in thegraph,rememberingthenode � discoveredlast. RunBFSfrom �
rememberingthenode� discoveredlast.

��� �����
	 is thediameterof thetree.

Correctness:Let � and � beany two nodessuchthat
��� �
����	 is thediameterof thetree.Thereis a

uniquepathfrom � to � . Let � bethefirst nodeon thatpathdiscoveredby BFS.

If thepaths��� from � to � and��� from � to � donotshareedges,thenthepathfrom � to � includes� so ��� ������	�� ��� � ����	��� ������	�� ��� � ����	��� ������	�� ��� ������	��� ������	�� ��� ������	��
Since

��� �
����	�� ��� ������	 , ��� �
����	�� ��� � ���!	 .
If thepaths��� and �
� do shareedges,then � is on ��� . Since � wasthe lastnodefoundby "$#$% ,��� ������	&� ��� ������	 . Since ��� is the longestpath,

��� ������	'� ��� ���(��	 . Thus
��� �����
	)� ��� ������	 and��� ������	*� ��� �+���!	 .��� �
����	,� ��� �����
	 and

��� �����
	,� ��� ������	 soall threeareequal.Thus
��� �����
	 is thediameterof the

tree.

Exercise 9-2. Do exercise22.3-12on page549of CLRS.

Solution:

RunDFSoncefrom eachvertex. Thegraphis singlyconnectedif f all edgesaretreeor back.Time
is - �/.10 	 .
Exercise 9-3. Do exercise22.4-3on page552of CLRS.

Solution: Runamodifiedversionof DFSwhereoneteststo seeif theedge
� � �(�2	 leadsto a gray

node � which is not � ’sparent.

Alternatively, onecouldruna modifiedDFSwhichonly allowsanedgeto beexaminedonce.i.e.,
once

� � �(�2	 hasbeenexamined,eliminatethe edge
� �����
	 or

� �+����	 (the sameedge)andcontinue
looking for thegraynodein theDFS.Essentially, this is thesamemethodasthefirst procedure.

If thegraphdoescontainacycle then
0 �3- �/. 	 andtherunningtime is - �/. 	 . If 4 doescontain

a cycle, it will befoundafterat most
.

edgesandverticeshavebeenexamined.Thustherunning
time is always - �5. 	 .
Exercise 9-4. Do exercise24.1-4on page591of CLRS.

Solution: Thereis asimpleranswerthanthis one. . .
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The idea is to find a nodein the negative-weightcycle, to set its weight to 687 and to run a
BFS-like procedureon thatnodesettingthe

�
valuesof reachablenodesto 697 .

BELLMAN-FORD-NEGATIVE-CYCLE-INFINITY
� 4:��;$� � 	

1 INITIALIZE-SINGLE-SOURCE
� 4:� � 	

2 for <>= ? to @ .BA 4,CD@E6F?
3 do for eachedge

� �����
	HG 0IA 4,C
4 do RELAX

� � �(���(;,	
5 for eachedge

� �����
	HG 0BA 4,C
6 do if

��A �JC�K ��A �+CMLN; � �����
	
7 then

��A �JC�= 687
8 BFS’

� 4:���
	
TheBFS’ procedureis thesameastheordinaryBFS exceptthatwheneveranodeis placedin the
queue,it alsohasits

�
valuesetto 687 .

Exercise 9-5. Do exercise24.3-6on page600of CLRS.

Solution: Maintainanarray O indexedfrom P to Q . The O A <RC aredoubly linkedlists. If <TSUQ
then O A <RC containstheverticeswith distance< from % . O A QVC containsverticesnot reachablefrom% . Extracttheminimumelementfrom O by searchingtheelementsof O in turn for a nonempty
list andextractinganelementfrom thatlist. - � QW	 time. Relaxinganedgecanbedonein constant
time. Thealgorithmrunsin - �5. Q L 0 	 time.

DIJKSTRA’
� 4:��;$� � 	

1 INITIALIZE-SINGLE-SOURCE
� 4:� � 	

2 %'= X
3 O A QVC�= .IA 4YC+6[Z �]\
4 O A P^C�= �
5 while _a`�bX
6 do �c= EXTRACT-M IN

� O8	
7 %d= %fegZE� \
8 for eachvertex �BG Adj

A �+C
9 do RELAX

� � �(���(;,	
Exercise 9-6. Do exercise24.5-7on page614of CLRS.

Solution:

The appropriatesequenceof stepsrelaxesthe @ . @�6h? edgesof the predecessorsubgraph4Yi in
theorderof a DFSor BFS.Theproof is by contradiction.If this sequenceof relaxationsdoesnot
result in

��A �MCT�kj � � ���
	 , thenthereis a shorterpathfrom � to � . However, this pathmustbe of
length Sa@ . @ , becausethereareno negative-weightcycles. Thus,thepredecessorsubgraphmust
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includethis pathwhich is doesn’t becausethentherelaxationson thegraphwould have giventhe
optimalsolution.

Problem 9-1. Running in Boston

To get in shape,you have decidedto start runningto work. You want a routethat goesentirely
uphill andthenentirelydownhill sothatyou canwork up a sweatgoinguphill andthengeta nice
breezeat theendof your run asyou run fasterdownhill. Your run will startat homeandendat
work andyouhaveamapdetailingtheroadswith l roadsegments(any existingroadbetweentwo
intersections)and m intersections.Eachroadsegmenthasa positive length,andeachintersection
hasadistinctelevation.

(a) Assumingthatevery roadsegmentis eitheruphill or downhill, give anefficient algo-
rithm to find theshortestroutethatmeetsyour specifications.

Solution: Dijkstra’s algorithmsolvesthesinglesourceshortest-pathsproblemon a
generalgraphwith non-negativeedgeweightsin - � lNLBm,npo]q>mr	 time. In thisproblem
wecanactuallydobetterandsolve it in - � lsLtmu	 time.

Thedifferenceis thatwe mustgo uphill beforewe go downhill. With this constraint
weknow wehavesomewherealongtheoptimalpaththerewill beahighestpoint. Call
it v . A consequenceof this pathbeingoptimal is that thereexist no otherpointsfor
which thelengthof thebestuphill pathfrom hometo thepoint plusthelengthof the
bestdownhill pathfrom thepoint to work is shorterthanthebestpathsto andfrom v .
Soif we couldfind thebestuphill pathto eachpoint andthebestdownhill pathfrom
eachpoint,wecandoalinearscanthroughthepointsto find theonewith thesmallest
sumandthis tellsustheoptimalpath.

Now we just have two subproblemsof finding thesinglesourceshortestuphill paths
to eachpointandthesinglegoalshortestpathsdownhill from eachpoint. Considerthe
uphill problem.We cansolve this by throwing awayall downhill edges,thenbecause
the pathalwaysmovesuphill therecanno longerbe any cycles(sincethereareno
level edges).Thereforewe aredealingwith a DAG andwe discussedin classhow to
find thesinglesourceshortestpathsin a DAG in linear time. Basicallythis involves
puttinga topologicalorderingon theverticiesandthenjust computingthebestpaths
in order. Wecansimilarly solve thesamedownhill problem.

The total run time is - � lw	 to produceeachDAG. Thenwe solve two singlesource
shortestpathin aDAG problemswhicheachrunin - � l[Lxmr	 time. Finally, traversing
the verticiesto find the optimal peakvertex takes - � mr	 time. Thusthe total time is- � lyLNmu	 .

(b) Giveanefficientalgorithmto solve theproblemif someroadsmaybelevel (i.e.,both
intersectionsat theendof theroadsegmentsareat thesameelevation)andtherefore
canbetakenat any point.
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Solution: In this case,we canno longerreplaceeachedgewith a directededgethat
assuresusthatnocyclesexist. Thereforeourbestmethodin thisgeneralcaseis to use
Dijkstra’s algorithmafter transformingthegraphsasabove replacingeachlevel road
with two directedarrows.

Problem 9-2. Karp’s minimum mean-weight cycle algorithm

Let 4W� �/. � 0 	 beadirectedgraphwith weightfunction ;{z 0y| }
, andlet mf�~@ . @ . We define

themean weight of acycle �T�s�/�����������������!������� of edgesin
0

to be

� � �!	*� ?� ���
� � ; � �

�
	��

Let �u� �W������� � � �!	 , where � rangesover all directedcyclesin 4 . A cycle � for which � � ��	T� �u�
is called a minimum mean-weight cycle. This probleminvestigatesan efficient algorithm for
computing� � .
Assumewithoutlossof generalitythateveryvertex �IG . is reachablefrom asourcevertex � G . .
Let j � � ���
	 betheweightof a shortestpathfrom � to � , andlet j�� � � �(�2	 betheweightof a shortest
pathfrom � to � consistingof exactly

�
edges.If thereis no pathfrom � to � with exactly

�
edges,

then j!� � � ���
	*�U7 .

(a) Show that if �u� � P , then 4 containsno negative-weight cycles and j � � ���
	F������
�(���!�M���
�
j�� � � ���
	 for all vertices�IG . .

Solution: If therewerea negative-weightcycle, then �u� ShP becausetheminimum
would have to benegative, thereforethereareno negative weightcycles. Giventhat
therearenonegativeweightcycles,thentheshortestpathwill not takeany cyclesand
canonly beat most mc6F? edgeslong.

(b) Show thatif � � �VP , then

���^��(���!�M���
� j��
� � ���
	�6tj�� � � ���
	mc6 � ��P

for all vertices��G . . (Hint: Usebothpropertiesfrom part(a).)

Solution: First,weknow m�6 � is strictly positivebecause
�x� m�6x? . Then j�� � � ���
	M6j � � ���
	��~P becausethe shortestpathwhenno negative weight cyclesexist is going

to costmorewith m nodesthanthe shortestpathwith fewer nodesthat is the actual
shortestpath.

(c) Let � bea P -weightcycle, andlet � and � beany two verticeson � . Supposethat the
weightof thepathfrom � to � alongthecycle is   . Prove that j � � ���
	��yj � � ����	�L[  .
(Hint: Theweightof thepathfrom � to � alongthecycle is 6¡  .)

Solution: Weknow j � � �(��	 � j � � ���
	�L¢  becausetheshortestpathfrom � to � might
use� . Alternatively wealsoknow that j � � ���
	 � j � � ����	u6&  becausetheshortestpath
to � from � might go through � andaroundthe zeroweight cycle for a costof 6¡  .
Thereforewith thesetwo inequalitiesweknow j � � ���
	*�bj � � ����	rLt  .
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(d) Show that if � � �£P , thenthereexistsa vertex � on theminimummean-weightcycle
suchthat ���^��(���!�M���
� j��

� � ���
	�6tj�� � � �(�2	mc6 � �bP$�
(Hint: Show thatashortestpathto any vertex ontheminimummean-weightcyclecan
beextendedalongthecycle to makeashortestpathto thenext vertex on thecycle.)

Solution: Get to thecycle alongsomeshortestpathandthenextendthepathalong
the cycle to make a shortestpathof length m . If � is the vertex we endup at, thenj�� � � �(�2	*�bj � � �(�2	 . Thensincefor wetooktheshortestpossiblepathto thecycle,there
cannotexist any shorterpathto thenodewith fewersteps,only equalpathlengths.

(e) Show thatif �u� �VP , then

�����¤�¥�¦ ���^��(���!�M���
� j��
� � ���
	>6§j�� � � �(�2	mx6 � �bP1�

Solution: We know that thereexists somevertex with a maximumdifferenceof 0,
andall differencesaregreaterthan0, sotheminimummustbe0.

(f) Show thatif weaddaconstant� to theweightof eachedgeof 4 , then � � is increased
by � . Usethis to show that

� � �����p�¤�¥�¦ ���^��(���!�M���
� j��
� � ���
	�6tj�� � � �(�2	mc6 � �

Solution: Adding � to eachedgeincreases� � by � . It alsoincreasesj�� � � �(�2	 by m�� and
decreases69j�� � � ���
	 by

� � . Manipulate,andbothsidesincreaseby � andtheequation
is maintained.Thus,by picking ���£6 �u� , wecanusethepreviouspart.

(g) Givean - �5.Y0 	 -time algorithmto compute�u� .
Solution: Compute j�� � � ���
	 for

� �¨P2��?]����������m in - �/.10 	 time by evaluatingthe
recurrencej!��©�� � � ���
	��V���p�
ª>j!� � � ����	rL[; � �����
	 . In - �5. � 	 time,determinethemini-
mumof themaximumof thefraction.


