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Problem Set 9

MIT students: Thisproblemsetis duein lectureon Wednesday, November 21.

SMA students: This problemsetis dueafterrecitationon Friday, November 23.

Reading: Chapters22 and24.

Both exercisesand problemsshouldbe solved, but only the problems shouldbe turnedin.
Exercisesareintendedto helpyoumasterthecoursematerial.Eventhoughyoushouldnot turn in
theexercisesolutions,youareresponsiblefor materialcoveredby theexercises.

Mark the top of eachsheetwith your name,the coursenumber, the problemnumber, your
recitationinstructorandtime,thedate,andthenamesof any studentswith whomyoucollaborated.

MIT students: Eachproblemshouldbedoneonaseparatesheet(or sheets)of three-holepunched
paper.

SMA students: Eachproblemshouldbedoneonaseparatesheet(or sheets)of two-holepunched
paper.

Youwill oftenbecalleduponto “giveanalgorithm” to solveacertainproblem.Yourwrite-up
shouldtake the form of a shortessay. A topic paragraphshouldsummarizetheproblemyou are
solvingandwhatyour resultsare.Thebodyof youressayshouldprovide thefollowing:

1. A descriptionof thealgorithmin Englishand,if helpful,pseudocode.

2. At leastoneworkedexampleor diagramto show morepreciselyhow youralgorithmworks.

3. A proof (or indication)of thecorrectnessof thealgorithm.

4. An analysisof therunningtimeof thealgorithm.

Remember, your goal is to communicate.Graderswill be instructedto take off pointsfor convo-
lutedandobtusedescriptions.

Exercise 9-1. Do exercise22.2-7on page539of CLRS.

Exercise 9-2. Do exercise22.3-12on page549of CLRS.

Exercise 9-3. Do exercise22.4-3on page552of CLRS.
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Exercise 9-4. Do exercise24.1-4on page591of CLRS.

Exercise 9-5. Do exercise24.3-6on page600of CLRS.

Exercise 9-6. Do exercise24.5-7on page614of CLRS.

Problem 9-1. Running in Boston

To get in shape,you have decidedto start runningto work. You want a routethat goesentirely
uphill andthenentirelydownhill sothatyou canwork up a sweatgoinguphill andthengeta nice
breezeat theendof your run asyou run fasterdownhill. Your run will startat homeandendat
work andyouhaveamapdetailingtheroadswith � roadsegments(any existingroadbetweentwo
intersections)and � intersections.Eachroadsegmenthasa positive length,andeachintersection
hasadistinctelevation.

(a) Assumingthatevery roadsegmentis eitheruphill or downhill, give anefficient algo-
rithm to find theshortestroutethatmeetsyour specifications.

(b) Giveanefficientalgorithmto solve theproblemif someroadsmaybelevel (i.e.,both
intersectionsat theendof theroadsegmentsareat thesameelevation)andtherefore
canbetakenat any point.

Problem 9-2. Karp’s minimum mean-weight cycle algorithm
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Let (21 ��3547698 ( � �  , where � rangesover all directedcyclesin

�
. A cycle � for which ( � � :� (21

is called a minimum mean-weight cycle. This probleminvestigatesan efficient algorithm for
computing( 1 .
Assumewithoutlossof generalitythateveryvertex ;=< � is reachablefrom asourcevertex >?< � .
Let @ � > 	 ;  betheweightof a shortestpathfrom > to ; , andlet @ &A� > 	 ;  betheweightof a shortest
pathfrom > to ; consistingof exactly

,
edges.If thereis no pathfrom > to ; with exactly

,
edges,

then @ &B� > 	 ; )�DC
.

(a) Show that if ( 1 � E
, then

�
containsno negative-weight cycles and @ � > 	 ; F�35476HGJI9&%ILK�MN� @ &A� > 	 ;  for all vertices;=< � .

(b) Show thatif ( 1 �OE
, then

3QPSRGJI9&%ILK�MN� @ KT� > 	 ; VU @ &A� > 	 ; � U , W E
for all vertices;Q< � . (Hint: Usebothpropertiesfrom part(a).)
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(c) Let � bea
E
-weightcycle, andlet X and ; beany two verticeson � . Supposethat the

weightof thepathfrom X to ; alongthecycle is Y . Prove that @ � > 	 ; Z� @ � > 	 X \[ Y .
(Hint: Theweightof thepathfrom ; to X alongthecycle is

U Y .)

(d) Show that if ( 1 �]E
, thenthereexistsa vertex ; on theminimummean-weightcycle

suchthat 3QPSRGJI9&%ILK�MN� @ KN� > 	 ; VU @ &B� > 	 ; � U , �^E�#
(Hint: Show thatashortestpathto any vertex ontheminimummean-weightcyclecan
beextendedalongthecycle to makeashortestpathto thenext vertex on thecycle.)

(e) Show thatif ( 1 �OE
, then

35476_�`!a 3QPSRGJI9&%ILK�MN� @ KT� > 	 ; bU @ &A� > 	 ; � U , �^Ec#
(f) Show thatif weaddaconstantd to theweightof eachedgeof

�
, then ( 1 is increased

by d . Usethis to show that

( 1 �e3Q4f6_�`!a 3QPSRGJI9&%ILK�MN� @ KT� > 	 ; VU @ &A� > 	 ; � U , #

(g) Givean g �h�?�i -time algorithmto compute( 1 .


