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Problem Set 7 Solutions

MIT students: Thisproblemsetis duein lectureon Monday, November 5.

SMA students: Thisproblemsetis dueafterthevideo-conferencingsessiononWednesday, Novem-
ber 7.

Reading: Chapters17

Both exercisesand problemsshouldbe solved, but only the problems shouldbe turnedin.
Exercisesareintendedto helpyoumasterthecoursematerial.Eventhoughyoushouldnot turn in
theexercisesolutions,youareresponsiblefor materialcoveredby theexercises.

Mark the top of eachsheetwith your name,the coursenumber, the problemnumber, your
recitationinstructorandtime,thedate,andthenamesof any studentswith whomyoucollaborated.

MIT students: Eachproblemshouldbedoneonaseparatesheet(or sheets)of three-holepunched
paper.

SMA students: Eachproblemshouldbedoneonaseparatesheet(or sheets)of two-holepunched
paper.

Youwill oftenbecalleduponto “giveanalgorithm” to solveacertainproblem.Yourwrite-up
shouldtake the form of a shortessay. A topic paragraphshouldsummarizetheproblemyou are
solvingandwhatyour resultsare.Thebodyof youressayshouldprovide thefollowing:

1. A descriptionof thealgorithmin Englishand,if helpful,pseudocode.

2. At leastoneworkedexampleor diagramto show morepreciselyhow youralgorithmworks.

3. A proof (or indication)of thecorrectnessof thealgorithm.

4. An analysisof therunningtimeof thealgorithm.

Remember, your goal is to communicate.Graderswill be instructedto take off pointsfor convo-
lutedandobtusedescriptions.

Exercise 7-1. Do exercise17.1-1on page409of CLRS.

Solution:

No, asequenceof MULTIPUSH operationscouldmake theamortizedbound
�������

.
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Exercise 7-2. Do exercise17.3-4on page416of CLRS.

Solution:

The total cost of executing � stackoperations,assumingthe stackbegins with �
	 objectsand
finisheswith ��� objectsis boundedby �������	������ .

Exercise 7-3. Do exercise17.3-7on page416of CLRS.

Solution:

You usean unsortedarray, so insert takes
�������

worst-casetime. For DELETE-LARGER-HALF,
youusethelinear-timemedianalgorithmto find themedian,thenyou usePARTITION to partition
thearrayaroundthemedian,thenyoudeletethelargersideof thepartitionin

�������
time.

For theamortizedanalysis,inserteachitemwith 2 tokensonit. WhenyouperformaDELETE-LARGER-HALF

operation,eachitemin thelist pays1 tokenfor theoperation.Whenyoudeletethelargerhalf, the
tokenson theseitemsareredistributedon theremainingitems. If eachitem on thelist startswith
2 tokens,they eachhaveoneafterthemedianfinding,andtheneachitem in thedeletedhalf gives
its token to oneof the remainingitems. Thus,therearealwaystwo tokensper item andwe get
constantamortizedtime.

Exercise 7-4. Do exercise17.4-1on page424of CLRS.

Solution:

To keepinsertiontime reasonable.Insertioninto a dynamicopen-addresshashtablecanbemade
to run in

�������
timeby expandingwhen ����� � andcontractingwhen ��!"�  .

Problem 7-1. Reducing the space in the van Emde Boas structure

In this problem,we will usehashingto modify the van EmdeBoasdatastructurepresentedin
lecturein orderto reduceits spaceusage.

Recall the problemstatement:In the fixed-universesuccessorproblem,a datastructuremust
maintainadynamicsubset# of theuniverse$&%('*),+��
�
�-+/.0� �21

. Thedatastructuremustsupport
theoperationsof insertingelementsinto # , deletingelementsfrom # , finding thesuccessor(next
elementin # ) from any elementin $ , andfinding the predecessor(previous elementin # ) from
any elementin $ .

Recall the outline of the van EmdeBoasdatastructure: The universe $ % '*),+��
�
��+3.4� �21
is

representedby awidgetof size . . Eachwidget 5 of size 67586 storesanarraysub 9:5<; of = 6>5?6 re-

cursivesubwidgetssub 9:5@;A97)�;B+ sub 9:5@;A9 � ;B+
�
�
�C+ sub 9:5@;A9D= 6>586�� � ; eachof size = 6>5?6 . In addition,

eachwidget 5 storesa summarywidgetsummary 9:5<; of size = 67586 , representingwhich subwid-
getsarenonempty. Eachwidget 5 alsostoresits minimumelementmin 9:5@; separatelyfrom all
thesubwidgets.Finally, eachwidget 5 maintainsthevaluemax 9:5@; of its maximumelement.



Handout27: ProblemSet7 Solutions 3

For reference,the van EmdeBoasalgorithmsfor insertionandfinding successorsin
���FEHGIEJG . �

time aregivenasfollows. For any widget 5 , andfor any K in theuniverseof possibleelements
in 5 , definehigh

� K �
andlow

� K �
to benonnegative integerssothat K4% high

� K � = 6>5?6�� low
� K �

.

Thus,high
� K �

and low
� K �

areboth lessthan = 67586 , andrepresentthe high-orderand low-order
halvesof thebits in thebinaryrepresentationof K .

VEB-INSERT
� KL+M5 �

1 if KON min 9:5<;
2 then exchangeKQP min 9R5@;
3 if subwidgetsub 9R5@;S9 high

� K � ; is nonempty, thatis, min 9 sub 9R5@;S9 high
� K � ;T;�U% NIL

4 then VEB-INSERT
�
low

� K � + sub 9>VW;S9 high
� K � ; �

5 else min 9 sub 9R5@;S9 high
� K � ;J;YX low

� K �
6 VEB-INSERT

�
high

� K � + summary 9:5<; �
7 if KOZ max 9R5@;
8 then max 9:5@;[X\K

VEB-SUCCESSOR
� KL+M5 �

1 if KON min 9:5<;
2 then return min 9:5@;
3 if low

� K � N max 9 sub 9R5@;S9 high
� K � ;J;

4 then ]^X VEB-SUCCESSOR
�
low

� K � + sub 9R5@;S9 high
� K � ; �

5 return high
� K � = 67586-�_]

6 else `aX VEB-SUCCESSOR
�
high

� K � + summary 9:5<; �
7 return `3= 67586-� min 9 sub 9R5@;S97`F;J;
(a) ArguethatthevanEmdeBoasdatastructureusesb � . �

space.(Hint: Derivea recur-
rencefor thespace# � . �

occupiedby awidgetof size . .)

Solution:

Thespace# � . �
occupiedby thedatastructureis givenby therecurrence# � . � % ��� �dc . � # � c . � � ��� c . � +

becausein eachwidgetthereare c . recursivesubwidgets,
�

recursivesummarywid-
get,andanarrayof size

��� c . �
.

Firstweprovethat # � . � !fe
gh.i�Oe-j by thesubstitutionmethod.Assumeby induction
that # �B��� !fe�g � �keMj for all

� N�. . Then# � . � ! �h� � c . �C� e
g c .l�ke-j � � ��� c . �
% e
g c .^��e
gh.���e-j��keMj c .m� ��� c . �
% e
g�.��"n � eMj��oe
gp� ���h���3� c .^��eMj/q! e
g�.r+
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providedthat eMj is chosenlargeenough.Theconstante�g mustbechosenlargeenough
to satisfythebasecase.

Secondwe prove that # � . � �seM. by the substitutionmethod. Assumeby induction
that # �B��� �fe �

for all
� Nd. . Then

# � . � � �h� � c . � e c .m� ��� c . �
% e c .t��eM.m� ��� c . �
� eM.r�

Theconstante mustbechosensmallenoughto satisfythebasecase.

Considerthefollowing modificationsto thevanEmdeBoasdatastructure.

1. Emptywidgetsarerepresentedby thevalueNIL insteadof beingexplicitly representedby a
recursiveconstruction.

2. Thestructuresub 9R5@; containingthesubwidgets

sub 9:5<;S97)�;�+ sub 9:5<;S9 � ;�+��
�
�-+ sub 9:5@;A9 = 6>5?6�� � ;
is storedasa dynamichashtable(asin Section17.4of CLRS) insteadof anarray. Thekey
of a subwidgetsub 9R5@;S97`F; is ` , sowe canquickly find the ` th subwidgetsub 9:5<;S9>`B; by a single
searchin thehashtablesub 9R5@; .

3. Asaconsequenceof thefirst twomodifications,thehashtablesub 9:5<; onlystoresthenonempty
subwidgets.The NIL valuesof theemptysubwidgetsarenot evenstoredin thehashtable.
Thus,thespaceoccupiedby thehashtablesub 9:5@; is proportionalto thenumberof nonempty
subwidgetsof 5 .

Wheneverweinsertanelementinto anempty(NIL) widget,wecreateawidgetusingthefollowing
procedure,which runsin

���h���
time:

CREATE-WIDGET
� K � u

Returnsanew widgetcontainingjust theelementK .
1 allocatea widgetstructure5
2 min 9R5@;YX\K
3 max 9:5@;[X K
4 summary 9:5@;[X NIL

5 sub 9R5@;YX anew emptydynamichashtable
6 return 5

In the next two problemparts,you will develop the insertionandsuccessoroperationsfor this
modified van EmdeBoasstructure. It suffices to simply describethe necessarychangesfrom
the VEB-INSERT andVEB-SUCCESSOR operationsdetailedabove. In any case,you shouldgive
specialattentionto theinteractionwith thehashtablesub 9:5@; .
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(b) Giveanefficient algorithmfor insertinganelementinto themodifiedvanEmdeBoas
structure,usingCREATE-WIDGET asasubroutine.

Solution:

The algorithm is similar to VEB-INSERT. One main changeis that the two cases
aredistinguishedbasedon testingwhethera particularkey is storedin thehashtable
sub 9R5@; . A secondmain changeis that whenthe key is not in the hashtable,a new
widgetis createdusingCREATE-WIDGET . We summarizewith thepseudocode:

MODIFIED-INSERT
� KL+M5 �

1 if 5 % NIL

2 then 5 X CREATE-WIDGET
� K �

3 else if KvN min 9R5@;
4 then exchangeKrP min 9:5@;
5 if thehashtablesub 9R5@; hasanentryfor key high

� K �
6 then MODIFIED-INSERT

�
low

� K � + sub 9:5<;S9 high
� K � ; �

7 else 5@w,X CREATE-WIDGET
� K �

8 insertinto hashtablesub 9:5<; thesubwidget5@w with key high
� K �u

Setssub 9R5@;S9 high
� K � ;YX 5@w

9 MODIFIED-INSERT
�
high

� K � + summary 9:5<; �
10 if KvZ max 9:5@;
11 then max 9:5<;YX\K

(c) Giveanefficientalgorithmfor findingthesuccessorof anelementin themodifiedvan
EmdeBoasstructure.

Solution:

The algorithmis identicalto VEB-SUCCESSOR, exceptthat referencesto sub 9:5@;A9>`B;
translateinto searchesin thehashtablesub 9R5@; for key ` .

(d) Usingknown results,arguethattherunningtime of your modifiedinsertionandsuc-
cessoralgorithmsrun in

���FEHGIEJG . �
expectedtime, underthe assumptionof simple

uniformhashing.

Solution:

Eachrecursivecall usedto perform
���h���

instructions,andnow additionallyperforms�������
additionalhash-tableoperations.Thus,undertheassumptionof simpleuniform

hashing,the total costgoesup by an expectedconstantfactor from the normalvan
EmdeBoasstructure.

(e) Provethatthespaceoccupiedby themodifieddatastructureis
��� � �

. Youmayignore
thepossibilityof deletions,andassumethatonly insertionsandsuccessoroperations
areperformed.

Solution:
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Each widget by itself (ignoring its subwidgetsand summarywidgets) takes
�������

space.We storea widget only if its min field is occupiedby an element.The hash
table increasesthe spaceby a constantfactor (amortizingover the constantcostof
eachsubwidgets).Thusthespaceis

��� � �
.
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Problem 7-2. The cost of restructuring red-black trees

Thereare four basicoperationson red-blacktreesthat performstructural modifications: node
insertions,nodedeletions,rotations,andcolor modifications.We have seenthatRB-INSERT and
RB-DELETE useonly

���h���
rotations,nodeinsertions,andnodedeletionsto maintainthered-black

properties,but they maymakemany morecolor modifications.

(a) Describea legal red-blacktreewith � nodessuchthatcalling RB-INSERT to addthe� �O� ���
st nodecausesx �FEHG � �

color modifications.Thendescribea legal red-black
treewith � nodesfor which calling RB-DELETE on a particularnodecausesx �yEHG � �
color modifications.

Solution:

For RB-INSERT , considera completered-blacktreewith an even numberof levels
in which nodesat odd levels are black and nodesat even levels are red. When a
nodeis insertedasa child of oneof the leaves, then x �FEJG � �

color changeswill be
neededto fix thecolorsof nodeson thepathfrom the insertednodeto theroot. For
RB-DELETE, consideracompletered-blacktreein whichall nodesareblack.If a leaf
is deleted,thenthe”doubleblackness”will bepushedall theway up to theroot,with
a color changeat eachlevel (case2 of RB-DELETE-FIXUP), for a total of x �yEHG � �
color changes.

Althoughtheworst-casenumberof colormodificationsperoperationcanbelogarithmic,weshall
prove thatany sequenceof z RB-INSERT andRB-DELETE operationson aninitially emptyred-
blacktreecauses

��� z �
structuralmodificationsin theworstcase.

(b) Someof thecaseshandledby themain loop of thecodeof both RB-INSERT-FIXUP

andRB-DELETE-FIXUP are terminating: onceencountered,they causethe loop to
terminateafter a constantnumberof additionaloperations. For eachof the cases
of RB-INSERT-FIXUP andRB-DELETE-FIXUP, specifywhich are terminatingand
whicharenot. (hint: Look at Figures13.5,13.6,and13.7).

Solution:

All casesexceptfor case1 of RB-INSERT-FIXUP andcase2 of RB-DELETE-FIXUP

areterminating.

We shallfirst analyzethestructuralmodificationswhenonly insertionsareperformed.Let { bea
red-blacktree,anddefine| � { �

to bethenumberof rednodesin { . Assumethat
�

unit of potential
canpayfor thestructuralmodificationsperformedby any of thethreecasesof RB-INSERT-FIXUP.

(c) Let { w be the result of applying Case1 of RB-INSERT-FIXUP to { . Argue that| � { w � %<| � { � � �
.

Solution:
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Case1 of RB-INSERT-FIXUP reducesthenumberof rednodesby one,a factthatcan
beseenin Figure13.4in CLRS.Hence,| � {}w � %<| � { � � �

.

(d) Nodeinsertioninto a red-blacktreeusingRB-INSERT canbebrokendown into three
parts.List thestructuralmodificationsandpotentialchangesresultingfrom lines1-16
of RB-INSERT, from nonterminatingcasesof RB-INSERT-FIXUP, andfrom terminat-
ing casesof RB-INSERT-FIXUP.

Solution:

Lines1-16of RB-INSERT causeonenodeinsertionanda unit increasein potential.
The nonterminatingcaseof RB-INSERT-FIXUP (Case1) makesthreecolor changes
and decreasesthe potentialby one. The terminatingcasesof RB-INSERT-FIXUP

(Cases2 and3) causeonerotationeachanddonot affect thepotential.

(e) Usingpart(d), arguethattheamortizednumberof structuralmodificationsperformed
by any call of RB-INSERT is

���h���
.

Solution:

Thenumberof structuralmodificationsandamountof potentialchangeresultingfrom
lines 1-16of RB-INSERT andfrom the terminatingcasesof RB-INSERT-FIXUP are
constant,sotheamortizedcostof thesepartsareconstant.Thenonterminatingcaseof
RB-INSERT-FIXUP mayrepeatup to

���FEHG � �
times,but its amortizedcostis 0, since

by our assumptiontheunit decreasein thepotentialpaysfor thestructuralmodifica-
tionsneeded.Therefore,theworst-caseamortizedcostof RB-INSERT is constant.

We now wish to prove thatthereare
��� z �

structuralmodificationswhentherearebothinsertions
anddeletions.Let usdefine,for eachnodeK ,

V � K � %
~���� ����

) if K is red +�
if K is blackandhasno redchildren +) if K is blackandhasoneredchild + if K is blackandhastwo redchildren �

Now weredefinethepotentialof a red-blacktree { as

| � { � %s��
�-� V � K � +
andlet {}w bethetreethatresultsfrom applyingany nonterminatingcaseof RB-INSERT-FIXUP or
RB-DELETE-FIXUP to { .

(f) Show that | � {�w � !�| � { � � �
for all nonterminatingcasesof RB-INSERT-FIXUP.

Arguethattheamortizednumberof structuralmodificationsperformedby any call of
RB-INSERT-FIXUP is

�������
.
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Solution:

From Figure 13.4, we seethat Case1 of RB-INSERT-FIXUP makes the following
changesto thetree:� Changesa blacknodewith two redchildrento a rednode(node � ), resultingin

a potentialchangeof �� .� Changesarednodeto ablacknodewith oneredchild (node� in thetopdiagram;
node � in thebottomdiagram),resultingin nopotentialchange.� Changesa rednodeto a blacknodewith no redchildren(node � ), resultingin a
potentialchangeof

�
.

The total changein potentialis � �
, which paysfor the structuralmodificationsper-

formed,andthustheamortizedcostof Case1 (nonterminatingcase)is ) . Becausethe
terminatingcasesof RB-INSERT-FIXUP causeconstantstructuralchangesandcon-
stantchangein potential,since V �F���

is basedsolelyon nodecolor andthenumberof
color changescausedby terminatingcasesis constant.Theamortizedcostof theter-
minatingcasesis at mostconstant.Hence,theoverall amortizedcostof RB-INSERT

is constant.

(g) Show that | � { w � !?| � { � � �
for all nonterminatingcasesof RB-DELETE-FIXUP.

Arguethattheamortizednumberof structuralmodificationsperformedby any call of
RB-DELETE-FIXUP is

���h���
.

Solution:

Figure13.7shows thatCase2 of RB-DELETE-FIXUP makesthe following changes
to thetree:� Changesa blacknodewith no redchildrento a rednode(node � ), resultingin a

potentialchangeof � �
.� If � is red,thenit losesablackchild, with no effectonpotential.� If � is black, thenit goesfrom having no red childrento having onered child,

resultingin a potentialchangeof � �
.

Thetotalchangein potentialis either � �
or �� , dependingonthecolorof � . In either

case,oneunit of potentialpaysfor thestructuralmodificationsperformed,andthusthe
amortizedcostof Case2 (nonterminatingcase)is at most ) . Becausetheterminating
casesof RB-DELETE causeconstantstructuralchangesandconstantchangein poten-
tial, sinceV �y���

is basedsolelyonnodecolor andthenumberof color changescaused
by terminatingcasesis constant. The amortizedcostof the terminatingcasesis at
mostconstant.Hence,theoverall amortizedcostof RB-DELETE-FIXUP is constant.

(h) Completetheproofthatin theworstcase,any sequenceof z RB-INSERT andRB-DELETE

operationsperforms
��� z �

structuralmodifications.

Solution:
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Sincetheamortizedcostof eachoperationis boundedaboveby a constant,theactual
numberof structuralmodificationsfor any sequenceof z RB-INSERT andRB-DELETE

operationsonaninitially emptyred-blacktreecause
��� z �

structuralmodificationsin
theworstcase.


